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GRADED QUOTIENTS OF RAMIFICATION GROUPS
OF LOCAL FIELDS WITH IMPERFECT RESIDUE FIELDS
TAKESHI SAITO
Abstract. We prove that the graded quotients of the filtration by ramification groups
of any henselian discrete valuation field of residue characteristic p > 0 are Fp-vector
spaces. We define an injection of the character group of each graded quotient to a twisted
cotangent space defined using a cotangent complex.
Let K be a henselian discrete valuation field of residue characteristic p > 0 and L be a
finite Galois extension of K of Galois group G. Then, the decreasing filtration on G by
upper numbering ramification groups Gr ⊂ G is defined in [1]. The definition is rephrased
purely in the language of schemes in [16] and is briefly recalled in Sections 3.3 and 4.1.
The ramification groups Gr are normal subgroups indexed by positive rational numbers
r > 0. We set Gr+ =
⋃
s>rG
s ⊂ Gr and call GrrG = Gr/Gr+ the graded quotients. The
inertia subgroup I ⊂ G and its p-Sylow subgroup P ⊂ I equal G1+ ⊂ G1.
Theorem 4.3.1. For r > 1, the graded quotients GrrG = Gr/Gr+ are Fp-vector spaces.
In the classical case where the residue field is perfect, Theorem 4.3.1 is proved in [19,
Corollaire 1 of Proposition 7, Section 2, Chapitre IV] by using the lower numbering filtra-
tion. Many other cases have been proved in [20] by using p-adic differential equations and
in [15] by geometric methods.
We give two proofs of Theorem 4.3.1. The first proof is by the reduction to the classical
case. A similar approach was proposed in [5]. Using the first proof, we give in [17] a
characterization of the filtration by ramification groups by a certain functoriality and the
classical case where the residue field is perfect. We also deduce the integrality of the
conductor of a representation of G from the classical case.
The second proof is more geometric and by the reduction to the case where r is an
integer. In the notation prepared below, the second proof gives rise to an injection
(4.20) ch : Hom(GrrG,Fp)→ HomF¯ (m
r
K¯/m
r+
K¯
, H1(LF¯ /S))
for every rational number r > 1, called the characteristic form. The morphism (4.20) is
a generalization of a non-logarithmic variant of the refined Swan conductor defined by
Kato [13, Corollary (5.2)] in the case where G is abelian. In a next article, we plan to
construct the characteristic cycle of a constructible sheaf in mixed characteristic case in
the framework of [18], at least on a dense open subset of the boundary as an application
of the injection (4.20).
The two proofs are based on the following idea. For a discrete valuation field K, suppose
that we find an extension K ′ such that the induced morphisms on the graded quotients
of ramification groups be isomorphisms. Then, the conclusion of Theorem 4.3.1 for K ′
would imply the same conclusion for K. In the first proof, we find K ′ with perfect residue
field where the conclusion is a classical result. In the second proof, we find K ′ such that
the index r′ corresponding to a given rational number r > 1 is an integer. For integral
indices, we prove that a geometric construction similar to the equal characteristic case
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in [15] yields Theorem 4.3.1 and an injection (4.20). Finding such K ′ is thus a crucial
reduction step in the proof of Theorem 4.3.1.
To establish the reduction step, we need to go back to a geometric construction behind
the definition of ramification groups recalled in Section 3.3. The construction provides a
certain finite Galois covering of a vector space Θ(r) over an algebraic closure of the residue
field such that the Galois group is the graded quotient GrrG. Since GrrG is a p-group,
if the induced morphism on Θ(r) for K ′ is dominant, the surjectivity of the morphism on
the fundamental groups proved in Section 2.1 induces a surjection on the graded quotients
as required. The necessary functorial properties of the vector space Θ(r) are prepared in
Section 1 by studying certain normal sheaves and modules of differentials.
The key point in the second proof in the case where r > 1 is an integer is the property
that the Galois covering of Θ(r) of the Galois group GrrG carries a structure of smooth
group scheme such that covering is a morphism of group schemes. This is proved by
applying a general criterion prepared in Section 2.2 to the geometric construction similar
to that in [15]. The construction is a refinement of that in [14] and is given in Section
3.4. Further applying the description of extension groups of a vector space over a field of
characteristic p > 0 by Fp in Section 2.1, we define the injection (4.20).
We sketch the idea more precisely. Both the first proof of Theorem 4.3.1 and the
construction of (4.20) are based on the construction of the tangent space of a local ring
at a geometric closed point defined by an algebraic closure of the residue field. The
construction is globalized in [18]. Let S = SpecOK and F¯ be an algebraic closure of the
residue field F = OK/mK . We show in Proposition 1.1.3 that the cotangent complex LF¯ /S
is acyclic except at degree −1 and the cohomology group H1(LF¯ /S) is an F¯ -vector space
fitting in an exact sequence
(0.1) 0→ mK/m
2
K ⊗F F¯ → H1(LF¯ /S)→ Ω
1
F ⊗F F¯ → 0.
We define the tangent space of S = SpecOK at the geometric closed point Spec F¯ as the
spectrum
(0.2) ΘK,F¯ = SpecS(H1(LF¯ /S))
of the symmetric algebra over F¯ . If OK0 ⊂ OK is a discrete valuation subring with perfect
residue field k, we have a canonical surjection
(0.3) H1(LF¯ /S)→ Ω
1
OK/OK0
⊗OK F¯
and (0.3) is an isomorphism if the ramification index eK/K0 is not 1, by Proposition 1.1.5.
The exact sequence (0.1) is canonically identified with the scalar extension of that con-
structed in [9, Proposition 9.6.14] by a different method ([18, Corollary 1.1.10]).
We say that an extension K ′ of K of discrete valuation fields is dominant on the tangent
spaces, or tangentially dominant, if the induced morphism S(H1(LF¯ /S))→ S(H1(LF¯ ′/S′))
of symmetric algebras is an injection. We derive Theorem 4.3.1 from the following fact
by constructing a tangentially dominant extension K ′ of K with perfect residue field in
Proposition 1.1.10.
Corollary 4.2.5 (1) Let K be a henselian discrete valuation field and let L be a finite
Galois extension of K of Galois group G. Let K ′ be a tangentially dominant extension
of henselian discrete valuation field, let L′ = LK ′ be a composition field and let G′ be the
Galois group. For r > 1, the canonical injection G′r → Gr is an isomorphism.
We give an independent proof of Theorem 4.3.1 without the reduction to the classical
case and construct the injection (4.20) for r > 1. Let ordK also denote the extension to a
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separable closure K¯ of the normalized discrete valuation of K and, for a rational number
r, set mr
K¯
= {x ∈ K¯ | ordKx ≧ r} ⊃ m
r+
K¯
= {x ∈ K¯ | ordKx > r} so that the F¯ -vector
space mr
K¯
/mr+
K¯
in (4.20) is of dimension 1.
We sketch the proof of Corollary 4.2.5 (1). Using the property that the ramification
groups are compatible with quotient [16, Corollary 1.4.3], we reduce the proof to the
case where Gr+ = 1 and GrrG = Gr. The geometric construction of ramification groups
recalled in Section 3.3 provides a connected Gr-torsor X(r)◦ over the dual space Θ(r) of the
F¯ -vector space on the target of (4.20). Let k → k′ be a morphism of algebraically closed
fields of characteristic p > 0 and let E and E ′ be a k-vector space and a k′-vector space.
For a k′-linear morphism E ′ → E ⊗k k
′, the morphism pi1(E
′, 0)pro-p → pi1(E, 0)pro-p of the
pro-p quotients of the e´tale fundamental groups is surjective if and only if the morphism
E ′ → E of schemes is dominant by Corollary 2.1.2.1. Using this property and the fact
that Gr is a p-group, we prove Corollary 4.2.5 (1).
We sketch the second proof of Theorem 4.3.1 and the construction of (4.20). In Section 2,
we prove some properties Proposition 2.2.3 on finite e´tale isogenies of smooth connected
group schemes and the classification Proposition 2.1.1 of extensions by Fp of a vector
space over a field of characteristic p > 0, by the dual space. Then, it is reduced to showing
that the Gr-torsor X(r)◦ admits a group structure such that the finite e´tale morphism
X(r)◦ → Θ(r) is a morphism of group schemes over F¯ . The construction of a group
structure on X(r)◦ satisfying the required property is reduced by Proposition 2.2.4 to
a construction of an automorphism of the base change X
(r)◦
F¯ ′
to an extension F¯ ′ of the
function field of Θ(r) compatible with the translation of Θ
(r)
F¯ ′
by the generic point.
By using Ne´ron’s desingularization, we reduce the construction to the case where K is
essentially of finite type and is separable over a discrete valuation field K0 with perfect
residue field. By constructing a suitable ramified extension of K, we further reduce it to
the case where the index r ≧ 2 is an integer.
In the case where r ≧ 2 is an integer, an automorphism of the base change X
(r)◦
F¯ ′
satisfying the required property is constructed in Section 3.4 as follows. First, we define
a deformation L′1 of the composition field L1 = LK1 over the local field K1 at a point
of a smooth scheme over OK appearing in the construction of the G
r-torsor X(r)◦. By
the construction of L′1, the e´tale morphism X
(r)◦
1 → Θ
(r)
1 for the extension L
′
1 of K1 is
given by the generic translation of the scalar extension to F¯ ′ of X(r)◦ → Θ(r) for the
original extension L over K. We prove that over an unramified extension K2 of K1,
the composition field L′2 = L
′
1K2 is isomorphic to LK2, using the defining property of
ramification groups and a descent property of e´taleness of finite covering with a partial
section proved in Section 3.2. This isomorphism induces a required isomorphism from
X
(r)◦
1 → Θ
(r)
1 to X
(r)◦
F¯ ′
→ Θ
(r)
F¯ ′
.
In the geometric case where OK is the henselization of a local ring OX,ξ at the generic
point ξ of a smooth divisor D of a smooth scheme X over a perfect field k, such a group
structure is deduced in [15] from the groupoid structure on pr1, pr2 : X×X → X defined by
pr13 : (X×X)×X (X×X) = X×X×X → X×X and its modification along the boundary
obtained by taking blow-up along R = rD embedded in the diagonal X ⊂ X × X . The
construction in this article is an approximation of the construction in the geometric case.
The contents of each section are briefly described at the beginning of each section.
A crucial idea described above of the proof of the main result in this article was found
during the preparation of a talk at Chinese Academy of Science in September 2019. The
author thanks W. Zheng for his hospitality during the stay. The author thanks L. Illusie
for discussions and providing a historical remark on cotangent complexes and for careful
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reading and numerous comments on the manuscript. The author thanks O. Gabber for
indicating another construction of tangent spaces and the reference in [9]. The author
thanks N. Umezaki for discussion on the attempt to construct the automorphism of X
(r)◦
F¯ ′
.
The research is partially supported by Grant-in-Aid (B) 19H01780.
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1. Tangent spaces, immersions and differentials
First, we define a tangent space at a geometric point of a scheme as the dual of H1 of
the cotangent complex in Section 1.1. Using the tangent spaces, we define a condition
for a morphism of schemes to be tangentially dominant at a point. This is weaker than
formal smoothness and will be used to construct an extension of discrete valuation field
with perfect field in the first proof of Theorem 4.3.1.
In Section 1.2, we study closed immersions of the spectrum of a finite extension of
discrete valuation rings to smooth schemes, used in the geometric definition of the filtration
by ramification groups in Section 3.3. We study the case where the discrete valuation ring
is essentially of finite type over a discrete valuation ring with perfect residue field, which
will be used in a reduction step to the case where the index r > 1 is an integer of the
second proof of Theorem 4.3.1.
In Section 1.3, we study the relation of the conormal sheaf of closed immersion with the
tangent space introduced in Section 1.1 and with the module of differentials. The relation
with the tangent space will be used in the reduction to the perfect residue field case and
also to show the triviality of a Galois action in Section 3.3. The relation with the module
of differentials is used in the reduction step to the case where the index r > 1 is an integer
of the second proof.
1.1. Tangent space at a point of a scheme. We briefly recall basic facts on cotangent
complexes from [12, Chapitres II, III]. For a morphism of schemes X → S, the cotangent
complex LX/S is defined [12, Chapitre II, 1.2.3] as a chain complex of flat OX -modules,
whose cohomology sheaves are quasi-coherent. If X = SpecA and S = SpecB are affine,
GRADED QUOTIENTS OF RAMIFICATION GROUPSOF LOCAL FIELDS WITH IMPERFECT RESIDUE FIELDS5
there exist a complex LA/B of flat A-modules and a canonical quasi-isomorphism LA/B⊗A
OX → LX/S.
The cohomology sheaf H1(LX/S) is closely related to the module of imperfection studied
in [10, Chapitre 0, Section 20.6]. Later Grothendieck introduced the truncation τ[−1,0]LX/S
denoted LX/S in his prenotes for Hartshorne’s seminar on Residues and Duality and called
H1(L
X/S) the conormal module of X relatively to S. In this section, we study the case
where X = SpecE for a field E of characteristic p > 0 and show that the E-vector space
H1(LE/S) plays a role of the cotangent space of S at the point defined by SpecE → S.
We study a globalization in [18, Section 1].
There is a canonical isomorphism H0(LX/S) → Ω
1
X/S [12, Chapitre II, Proposition
1.2.4.2]. This induces a canonical morphism LX/S → Ω
1
X/S [0]. For a commutative di-
agram
(1.1)
X ′ −−−→ S ′
f
y y
X −−−→ S,
a canonical morphism Lf ∗LX/S → LX′/S′ is defined [12, Chapitre II, (1.2.3.2)
′]. For a
morphism f : X → Y of schemes over a scheme S, a distinguished triangle
(1.2) Lf ∗LY/S → LX/S → LX/Y →
is defined [12, Chapitre II, Proposition 2.1.2].
IfX → S is a closed immersion defined by the ideal sheaf IX ⊂ OS and ifNX/S = IX/I
2
X
denotes the conormal sheaf, there exists a canonical isomorphism H1(LX/S) → NX/S [12,
Chapitre III, Corollaire 1.2.8.1]. This induces a canonical morphism LX/S → NX/S[1].
Lemma 1.1.1. 1. ([12, Chapitre III, Proposition 1.2.9]) Let f : X → Y be an immersion
of schemes over a scheme S. Then, the boundary morphism ∂ : NX/Y → f
∗Ω1Y/S of the
distinguished triangle Lf ∗LY/S → LX/S → LX/Y → sends g to −dg.
2. ([12, Chapitre III, Proposition 3.1.2 (i)⇒(ii)]) Let X → S be a smooth morphism.
Then, the canonical morphism LX/S → Ω
1
X/S[0] is a quasi-isomorphism.
3. ([12, Chapitre III, Proposition 3.2.4 (iii)]) If X → S is a regular immersion, the
canonical morphism LX/S → NX/S[1] is a quasi-isomorphism.
4. ([11, 9.5.8] cf. [12, Chapitre III, Remarque 3.1.4]) Let f : X → S be a formally smooth
morphism. Then, Ω1X/S is a flat OX-module and H1(LX/S) = 0.
Lemma 1.1.2. Let F → E be an extension of fields. Then, the cotangent complex LE/F is
acyclic except at degree [−1, 0]. If E is a separable extension of F , the canonical morphism
LE/F → Ω
1
E/F [0] is a quasi-isomorphism. If F is of characteristic p > 0 and if k ⊂ F
p is
a subfield, the minus of the boundary morphism of the distinguished triangle LF/k⊗F E →
LE/k → LE/F → defines an isomorphism
(1.3) − ∂ : H1(LE/F )→ Ker(Ω
1
F/k ⊗F E → Ω
1
E/k).
Proof. First, we show the case where E is a separable extension of F . By taking the
limit [12, (1.2.3.4)], we may assume that E is finitely generated over F . We may further
assume that E is the function field of a smooth scheme X over F . Then, we have a
quasi-isomorphism LX/F → Ω
1
X/F [0] by Lemma 1.1.1.2. Hence LE/F → Ω
1
E/F [0] is a quasi-
isomorphism and Ω1F/k ⊗F E → Ω
1
E/k is an injection in this case.
To show the remaining assertion, we may assume that F is of characteristic p > 0. Let
k0 ⊂ F be a perfect subfield, say k0 = Fp. Then, since F and E are separable extensions of
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k0, the distinguished triangle LF/k0 ⊗F E → LE/k0 → LE/F → implies that LE/F is acyclic
except at degree [−1, 0] and defines an isomorphism H1(LE/F ) → Ker(Ω
1
F/k0
⊗F E →
Ω1E/k0) (1.3) for k = k0. If k ⊂ F
p is a subfield, Ω1F/k → Ω
1
F/F p and Ω
1
E/k → Ω
1
E/F p are
isomorphisms and the right hand side of (1.3) is independent of such k, including k0. 
Proposition 1.1.3. Let S be a scheme, s ∈ S be a point and E be an extension of the
residue field F = k(s) at s.
1. The distinguished triangle
(1.4) → LF/S ⊗F E → LE/S → LE/F →
of cotangent complexes and the isomorphism (1.3) define an isomorphism H0(LE/S) →
Ω1E/F and an exact sequence
(1.5) 0→ ms/m
2
s ⊗F E → H1(LE/S)
−∂
−→ Ker(Ω1F ⊗F E → Ω
1
E)→ 0
of E-vector spaces.
2. Assume that F is of characteristic p > 0 and that E is an extension of F 1/p. Then,
the exact sequence (1.5) defines an exact sequence
(1.6) 0→ ms/m
2
s ⊗F E → H1(LE/S)
−∂
−→ Ω1F ⊗F E → 0.
3. Let E ⊂ E ′ be extensions of F . Then, the canonical morphism
(1.7) H1(LE/S)⊗E E
′ → H1(LE′/S)
is an injection. This is an isomorphism either if F is of characteristic 0 or if F is of
characteristic p > 0 and E is an extension of F 1/p.
4. If S is regular at s, then the cotangent complex LE/S is acyclic except at degree
[−1, 0]. Further if Ω1E/F = 0, the complex LE/S is acyclic except at degree −1.
The exact sequence (1.6) in the case E = F 1/p is canonically identified with that con-
structed in [9, Proposition 9.6.14] by a different method ([18, Corollary 1.1.10]). The
converse of Proposition 1.1.3.4 holds by [9, Corollary 9.6.45]. The exact sequence (1.5)
implies that H1(LE/S) is determined by OS,s/m
2
s → E.
Proof. 1. We have H1(LF/S) = ms/m
2
s and H0(LF/S) = 0. By Lemma 1.1.2, we have
H0(LE/F ) = Ω
1
E/F , (1.3) and H2(LE/F ) = 0. Hence the distinguished triangle (1.4) defines
an isomorphism H0(LE/S)→ Ω
1
E/F and the exact sequence (1.5).
2. Assume F 1/p ⊂ E. Then, the morphism Ω1F ⊗F E → Ω
1
E is 0 and we have Ker(Ω
1
F ⊗F
E → Ω1E) = Ω
1
F ⊗F E. Hence (1.5) gives (1.6).
3. Since LE′/E is acyclic except at degree [−1, 0] by Lemma 1.1.2, the distinguished
triangle LE/S ⊗E E
′ → LE′/S → LE′/E → implies the injectivity of (1.7).
If F is of characteristic 0, we have H1(LE′/E) = 0 and (1.7) is a surjection. If F
1/p ⊂ E,
the boundary mapping H1(LE′/E) → Ω
1
E/F ⊗E E
′ is an injection by Lemma 1.1.2. Hence
(1.7) is a surjection.
4. The morphism LF/S → NF/S[1] is a quasi-isomorphism by Lemma 1.1.1.3. Hence by
Lemma 1.1.2, the distinguished triangle (1.4) shows that LE/S is acyclic except at degree
[−1, 0]. Further if H0(LE/S) = Ω
1
E/F is 0, then LE/S is acyclic except at degree −1. 
For a morphism S ′ → S of schemes sending a point s′ ∈ S ′ to s ∈ S and a morphism
E → E ′ of extensions extending the morphism F = k(s) → F ′ = k(s′) of the residue
fields, by the functoriality of cotangent complexes, we have a canonical morphism
(1.8) H1(LE/S)→ H1(LE′/S′).
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Let S be a scheme, s ∈ S be a point and u ∈ OS,s. Assume that the residue field
F = k(s) is of characteristic p > 0 and let E be an extension of F containing a p-th root
v ∈ E of u¯ ∈ F . Then,
(1.9) d˜u ∈ H1(LE/S)
is defined in [18, Definition 1.1.6]. We briefly recall the construction. Let W ⊂ A1S =
S×SpecZ SpecZ[T ] be the closed subscheme defined on a neighborhood of s by T
p−u and
define a morphism SpecE →W over S by sending T to v. Then, the image of d˜u by the
injection H1(LE/S)→ H1(LE/A1S) is the image of the section u− T
p of the conormal sheaf
NW/A1S . The construction of d˜u is functorial. The following property is a special case of
[18, Proposition 1.1.5].
Lemma 1.1.4. Let S be a scheme, s ∈ S be a point and u ∈ OS,s. Assume that the
residue field F = k(s) is of characteristic p > 0 and let E be an extension of F containing
a p-th root v of u¯ ∈ F .
1. (cf. [9, 9.6.12]) Let u, u′ ∈ OS,s such that there exist p-th roots v, v
′ ∈ E of u¯, u¯′.
Then, we have
d˜(u+ u′) = d˜u+ d˜u′ +
p−1∑
i=1
vi
i!
v′(p−i)
(p− i)!
· d˜p,(1.10)
d˜(uu′) = u′ · d˜u+ u · d˜u′.(1.11)
2. The image of d˜u ∈ H1(LE/S) (1.9) by −∂ : H1(LE/S)→ Ω
1
F ⊗F E (1.5) is du¯.
3. If u ≡ 0 mod ms, we have ω ≡ u ∈ ms/m
2
s = H1(LF/S) = H1(LE/S).
By (1.10), if one of u, u′ is an element of the maximal ideal ms ⊂ OS,s, we have d˜(u+u
′) =
d˜u + d˜u′. By (1.11), we have d˜ui = iui−1d˜u by induction on integer i ≧ 0. Hence for an
integer a, since a− ap is divisible by p, we have
d˜a = d˜ap + d˜(a− ap) = pap−1 · d˜a+ p · d˜
a− ap
p
+
a− ap
p
· d˜p =
a− ap
p
· d˜p.
In the case where v /∈ F = k(s), the following remark is due to Luc Illusie. Let S ′ =
SpecOS,s[T ]/(T
p − u) → S and identify s′ = SpecF (v) with the closed point of S ′.
Then, the morphism H1(LF (v)/S)→ H1(LF (v)/S′) defines a splitting of the exact sequence
0 → H1(LF/S) ⊗F F (v) → H1(LF (v)/S) → H1(LF (v)/F ) → 0 defined by the distinguished
triangle LF/S ⊗
L
F F (v) → LF (v)/S → LF (v)/F → and the image of d˜u ∈ H1(LF (v)/S) in
H1(LF (v)/S′) is d˜T
p = pT p−1d˜T = 0 by the Leibniz rule.
Proposition 1.1.5. Let S → S0 be a morphism of schemes, let s ∈ S be a point and
s0 ∈ S0 be its image. Let F = k(s) be the residue field and assume that k = k(s0) is a
perfect field of characteristic p > 0. Let E be an extension of F and define a morphism
(1.12) −∂ : H1(LE/S)→ Ω
1
S/S0 ⊗OS E.
to be the minus of the boundary morphism of the distinguished triangle LS/S0 ⊗
L
OK
E →
LE/S0 → LE/S → defined by SpecE → S → S0.
1. (cf. [9, Lemma 9.6.3]) For E = F , the above distinguished triangle defines an exact
sequence
(1.13) 0→ ms/(m
2
s +ms0OS,s)
d
−→ Ω1S/S0 ⊗OS F → Ω
1
F/k → 0
of F -vector spaces.
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2. ([18, Proposition 1.1.5.4]) For u ∈ OS,s, the mapping (1.12) sends d˜u to du.
3. The mapping (1.12) fits in the commutative diagram
(1.14) H1(LE/S)
(1.12)
''PP
PP
PP
PP
PP
PP
(1.5)
// Ω1F/k ⊗F E
ms/m
2
s ⊗F E
d //
(1.5)
OO
Ω1S/S0 ⊗OS E
OO
of E-vector spaces. The kernel and the cokernel of (1.12) are the images of ms0/m
2
s0⊗FE →
ms/m
2
s⊗F E and of Ω
1
F/k⊗F E → Ω
1
E/k. Consequently, the morphism (1.12) is a surjection
(resp. an injection) if F is a subfield of Ep (resp. if ms0OS,s ⊂ m
2
s).
Proof. 1. By Lemma 1.1.1.1, the minus of the boundary morphism of the distinguished
triangle LS/S0 ⊗
L
OS
F → LF/S0 → LF/S → defines an exact sequence
(1.15) H1(LF/S0)→ ms/m
2
s
d
−→ Ω1S/S0 ⊗OS F → Ω
1
F/k → 0
of F -vector spaces. Since Ω1k = 0, the exact sequence (1.5) gives an isomorphism ms0/m
2
s0⊗k
F → H1(LF/S0) and we obtain (1.13).
3. The commutative diagram
LS/S0 ⊗
L
OS
F ⊗F E LS/S0 ⊗
L
OS
E −−−→ LF/S0 ⊗F Ey y y
LF/S0 ⊗F E −−−→ LE/S0 LE/S0y y y
LF/S ⊗F E −−−→ LE/S −−−→ LE/Fy y y
of distinguished triangles defines the commutative diagram (1.14) by Lemma 1.1.1.1. Sim-
ilarly as in the proof of 1, we obtain an exact sequence
(1.16) ms0/m
2
s0
⊗k E → H1(LE/S)→ Ω
1
S/S0
⊗OS E → Ω
1
E/k.
Since k is perfect, we have Ω1F/k = Ω
1
F . Hence the assertion on the kernel and the cokernel
follows from (1.16), (1.15)⊗FE, (1.5).
If F 1/p ⊂ E, then Ω1F ⊗F E → Ω
1
E is the 0-mapping. If ms0OS,s ⊂ m
2
s, then ms0/m
2
s0
→
ms/m
2
s is the 0-mapping. 
Definition 1.1.6. Let S be a scheme, s ∈ S be a point and F = k(s) be the residue field.
1. For an extension E of F , we call the spectrum
(1.17) ΘS,E = SpecS(H1(LE/S))
of the symmetric algebra over E the tangent space of S at E. If S = SpecOK for a discrete
valuation ring OK and if s ∈ S is the closed point, we also write ΘS,E = ΘK,E.
2. Let S ′ → S be a morphism of schemes and let s ∈ S be the image of s′ ∈ S ′. Let
F¯ → F¯ ′ be a morphism of algebraic closures of the residue fields extending F = k(s) →
F ′ = k(s′). We say that the morphism S ′ → S is dominant on the tangent spaces, or
tangentially dominant, at s′ if the morphism
S(H1(LF¯ /S))→ S(H1(LF¯ ′/S′))
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is an injection.
3. Let OK and OK ′ be discrete valuation rings. We say that a morphism OK → OK ′
is a morphism of discrete valuation rings if it is faithfully flat. We say that a morphism
OK → OK ′ of discrete valuation rings is tangentially dominant if S
′ = SpecOK ′ → S =
SpecOK is dominant on the tangent space at the closed point of S
′.
For E = F , we recover the definition of the Zariski tangent space. That a morphism
S ′ → S is dominant on the tangent spaces at s′ means that the morphism ΘS′,F¯ ′ → ΘS,F¯
of schemes is dominant.
Lemma 1.1.7. Let S be a scheme, s ∈ S a point and E be an extension of the residue
field F = k(s).
Let S ′ → S be a morphism of schemes sending s′ ∈ S ′ to s ∈ S and let E → E ′ be a
morphism of extensions of residue fields. If S ′ → S is formally smooth at s′, the morphism
(1.8) induces an injection
(1.18) H1(LE/S)⊗E E
′ → H1(LE′/S′)
of E ′-vector spaces.
Proof. By Proposition 1.1.3.3, we may assume that E = E ′. By Lemma 1.1.1.4, we have
H1(LS′/S ⊗
L
S E
′) = 0. Hence the distinguished triangle LS′/S ⊗
L
S E
′ → LE′/S → LE′/S′
implies the injectivity of (1.18). 
Proposition 1.1.8. 1. Let S ′ → S be a morphism of schemes and let s ∈ S be the image
of s′ ∈ S ′. We consider the following conditions:
(1) The morphism S ′ → S is formally smooth at s′.
(2) The morphism S ′ → S is dominant on the tangent spaces at s′.
(3) The morphism ms/m
2
s → ms′/m
2
s′ is injective.
Then, we have the implications (1)⇒(2)⇒(3).
2. Let OK → OK ′ be a morphism of discrete valuation rings. We consider the following
conditions:
(1) The ramification index eK ′/K is 1 and F
′ = OK ′/mK ′ is a separable extension of
F = OK/mK.
(2) The morphism OK → OK ′ is tangentially dominant.
(3) The ramification index eK ′/K is 1.
Then, we have the implications (1)⇒(2)⇒(3).
Proof. 1. (1)⇒(2): Let F¯ → F¯ ′ be a morphism of algebraic closures of F = k(s) and
F ′ = k(s′). Then, by Lemma 1.1.7.2, the morphism H1(LF¯ /S) ⊗F¯ F¯
′ → H1(LF¯ ′/S′) is an
injection. Hence S(H1(LF¯ /S))→ S(H1(LF¯ /S))⊗F¯ F¯
′ → S(H1(LF¯ ′/S′)) is an injection.
(2)⇒(3): By Proposition 1.1.3, the injection S(H1(LF¯ /S))→ S(H1(LF¯ ′/S′)) induces an
injection ms/m
2
s → ms′/m
2
s′.
2. Let OK → OK ′ be a morphism of discrete valuation rings. Let S
′ = SpecOK ′ →
S = SpecOK be the associated morphism and s
′ ∈ S ′ be the closed point. Then by [10,
Chapitre 0, The´ore`me (19.7.1)], the condition (1) in 1. is equivalent to that OK ′/mKOK ′
is formally smooth over the residue field F = OK/mK . By [10, Chapitre 0, Corollaire
(19.6.5)], this implies that mK ′ = mKOK ′ and that F
′ = OK ′/mK ′ is a separable extension
of F . Since the converse is true by [10, Chapitre 0, The´ore`me (19.6.1)], the condition (1)
in 1. is equivalent to the condition (1) in 2.
Further, the condition (3) in 1. is equivalent to the condition (3) in 2. 
The implications (1)⇒(2)⇒(3) are strict as follows.
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Example 1.1.9. Let OK → OK ′ be a morphism of discrete valuation rings. Assume that
the residue field F is of characteristic p > 0 and let u ∈ OK and v ∈ OK ′, w ∈ mK ′ be
elements satisfying u = vp + w. Then, by Lemma 1.1.4.1, we have
(1.19) d˜u = pvp−1d˜v + d˜w = d˜w
in H1(LF¯ ′/S). Hence, if du 6= 0 in Ω
1
F and w ∈ m
2
K ′, the morphism OK → OK ′ is not
tangentially dominant.
Concretely, for K = k(u)((t)), the separable extension K ′ = K(v) of degree p defined
by vp − t2v = u is not tangentially dominant. Hence the condition (3) is satisfied but (2)
is not. 
The following Proposition gives an example of extension satisfying the condition (2) but
not (1).
Proposition 1.1.10. Let K be a discrete valuation field. Then, there exists a tangentially
dominant morphism OK → OK ′ of discrete valuation rings such that the residue field F
′
is perfect.
Proof. It suffices to consider the case where the residue field F is of characteristic p > 0.
Let t ∈ OK be a uniformizer and let (ui)i∈I be a p-basis of the residue field F . For each
i ∈ I, take a lifting of ui ∈ F in OK and let it also denoted ui by abuse of notation. The
localization OK0 of the polynomial ring OK [wi,0 (i ∈ I)] at the prime ideal (t) is a discrete
valuation ring. We set vi,0 = ui − wi,0t ∈ OK0 for each i ∈ I so that (vi,0, wi,0)i∈I is a
p-basis of the residue field F0 = F (wi,0 (i ∈ I)) of K0.
We define an inductive system (OKn)n∈N of discrete valuation rings inductively by
OKn = OKn−1 [vi,n, wi,n (i ∈ I)]/(v
p
i,n − vi,n−1, w
p
i,n − wi,n−1 (i ∈ I)). The inductive limit
OK ′ = lim−→n∈N
OKn is a discrete valuation ring and the residue field F
′ of K ′ is a perfect
closure of F0 and is perfect.
The uniformizer t defines a basis of mK/m
2
K and (dui)i∈I defines a basis of Ω
1
F . Hence
by the exact sequence 0→ mK/m
2
K ⊗F F¯ → H1(LF¯ /S)→ Ω
1
F ⊗F F¯ → 0 (1.6) and Lemma
1.1.4, d˜t together with (d˜ui)i∈I defines a basis of H1(LF¯ /S). By (1.19), the images of
d˜ui ∈ H1(LF¯ /S) in H1(LF¯ ′/S′) = mK ′/m
2
K ′ ⊗F ′ F¯
′ is wi,0t. Since (wi,0)i∈I are algebraically
independent over F¯ , the morphism S(H1(LF¯ /S))→ S(H1(LF¯ ′/S′)) is an injection. 
1.2. Immersions to smooth schemes.
Lemma 1.2.1. Let OK → OL be a finite morphism of discrete valuation rings and set
S = SpecOK and T = SpecOL.
1. Let T → Q be an immersion to a smooth scheme over S. Then, after replacing Q by
a neighborhood of T , there exist a smooth scheme P over S and a cartesian diagram
(1.20)
Q ←−−− Ty y
P ←−−− S
of schemes over S such that Q→ P is quasi-finite and flat.
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2. Let T → Q and T → Q′ be closed immersions to smooth schemes over S. Then,
after replacing Q by a neighborhood of T , there exists a commutative diagram
(1.21) T //
❅
❅❅
❅❅
❅❅
❅

Q′
Q Q′′oo
OO
of schemes over S such that Q′′ → Q′ is e´tale.
3. Let T → Q and T → Q′ be closed immersions to smooth schemes over S and let
(1.22) T //

Q′
⑧⑧
⑧⑧
⑧⑧
⑧⑧
Q
be a commutative diagram of schemes over S such that Q′ → Q is smooth. Then, after
replacing Q′ by a neighborhood of T , there exists a commutative diagram
(1.23) T //

Q′
⑦⑦
⑦⑦
⑦⑦
⑦⑦
Q AnQ
oo
of schemes over S such that Q′ → AnQ is e´tale, A
n
Q → Q is the projection and the compo-
sition T → AnQ is the composition of T → Q with the 0-section Q→ A
n
Q.
Proof. 1. Since T and Q are regular, the immersion T → Q is a regular immersion by
[10, Chap. 0 Corollaire (17.1.9) a)⇒ b)]. After replacing Q by a neighborhood of T , we
may assume that the closed subscheme T ⊂ Q is defined by a regular sequence t1, . . . , tn.
We define Q → P = AnS by t1, . . . , tn and S → P to be the 0-section. Then, we obtain
a cartesian diagram (1.20). Since T → S is flat and t1, . . . , tn is a regular sequence, after
further replacing Q by a neighborhood of T , the morphism Q→ P is flat and quasi-finite
by [10, Chapitre 0, Proposition (15.1.21) b)⇒ a)].
2. Since Q is smooth over S, there exists a commutative diagram (1.21) such that
Q′′ → Q′ is e´tale.
3. Since the commutative diagram (1.22) defines a section T → Q′ ×Q T of a smooth
morphism Q′×Q T → T , locally on a neighborhood of T ⊂ Q
′×Q T , there exist an integer
n ≧ 0 and an e´tale morphism Q′×QT → A
n
T such that the composition T → Q
′×QT → A
n
T
is the 0-section. Hence, it suffices to take a lifting Q′ → AnQ on a neighborhood of T . 
Definition 1.2.2. Let OK → OL be a finite morphism of discrete valuation rings and E
be the residue field of L. We say that an immersion T = SpecOL → Q to a smooth scheme
over S = SpecOK is minimal if the canonical surjection Ω
1
Q/S ⊗OQ E → Ω
1
T/S ⊗OT E is
an isomorphism.
Lemma 1.2.3. Let OK → OL be a finite morphism of discrete valuation rings and set
S = SpecOK and T = SpecOL.
1. There exists a minimal immersion T → Q to a smooth scheme Q over S.
12 TAKESHI SAITO
2. Let T → Q and T → Q′ be closed immersions to smooth schemes over S and let
(1.24) T //

Q′
⑧⑧
⑧⑧
⑧⑧
⑧⑧
Q
be a commutative diagram of schemes over S. If T → Q is minimal, then Q′ → Q is
smooth on a neighborhood of T .
Proof. 1. Let a1, . . . , an ∈ OL be elements such that da1, . . . , dan define a basis of
Ω1
OL/OK
⊗OLE. Then the morphism T → A
n
S = SpecOK [X1, . . . , Xn] defined by a1, . . . , an ∈
OL is unramified. By [10, Chapitre 4, Corollaire (18.4.7)], there exist an e´tale scheme Q
over AnS and an immersion T → Q lifting T → A
n
S. Then, Ω
1
Q/S ⊗OQ E → Ω
1
T/S ⊗OT E
sends a basis dX1, . . . , dXn to da1, . . . , dan.
2. Since T → Q is minimal and Ω1Q′/S ⊗OQ E → Ω
1
T/S ⊗OT E is a surjection, the
morphism Ω1Q/S⊗OQ E → Ω
1
Q′/S⊗OQ′ E is an injection of E-vector spaces. Hence, Q
′ → Q
is smooth on a neighborhood of T . 
We will use in Section 3.4 the following description of the fiber of the conormal sheaf.
Lemma 1.2.4. Let OK → OL be a finite morphism of discrete valuation rings and T =
SpecOL → Q be a closed immersion to a smooth scheme over S = SpecOK . Let IT ⊂ OQ
be the ideal sheaf defining the closed subscheme T ⊂ Q and let mQ,t ⊂ OQ,t and mT,t ⊂ OT,t
be the maximal ideals at the closed point t ∈ T ⊂ Q.
1. The inclusion IT,t → mQ,t of ideals of OQ,t induces an isomorphism
(1.25) NT/Q ⊗OT E → Ker(mQ,t/m
2
Q,t → mT,t/m
2
T,t).
2. Let D ⊂ Q be a smooth divisor meeting T transversally at t. Then the isomorphism
(1.25) induces an isomorphism
(1.26) NT/Q ⊗OT E → Nt/D.
Proof. 1. Since the ideal IT,t ⊂ OQ,t of a regular local ring is generated by a part of a
system of local parameters, we have an exact sequence
0→ NT/Q ⊗OT E → mQ,t/m
2
Q,t → mT,t/m
2
T,t → 0
and hence the isomorphism (1.25).
2. By the assumption thatDmeets T transversally, the productmQ,t/m
2
Q,t → mT,t/m
2
T,t×
mD,t/m
2
D,t of the canonical surjections is an isomorphism. Since Nt/D = mD,t/m
2
D,t, the
isomorphism (1.25) induces an isomorphism (1.26). 
Definition 1.2.5. Let OK0 → OL be a morphism of discrete valuation rings.
1. We say that OL is essentially of finite type (resp. essentially smooth) over OK0 if
there exist a scheme X of finite type (resp. a smooth scheme X) over OK0, a point ξ ∈ X
and a morphism OX,ξ → OL of discrete valuation rings over OK0 inducing an isomorphism
on the henselizations.
2. Let OL be a discrete valuation ring essentially of finite type over OK0 and let T =
SpecOL → Q0 be a morphism to a scheme smooth over S0 = SpecOK0. We say that
T → Q0 is essentially an immersion if the following condition is satisfied: There exist
a closed subscheme X ⊂ Q0, a point ξ ∈ X and a morphism OX,ξ → OL of discrete
valuation rings inducing T → Q0 and an isomorphism on the henselizations.
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We say that an essential immersion T → Q0 is divisorial if X ⊂ Q0 above is a Cartier
divisor.
3. Let
(1.27)
SpecOK ′0 = S
′
0 ←−−− Q
′
0 ←−−− T
′ = SpecOL′y y y
S0 ←−−− Q0 ←−−− T
be a commutative diagram of schemes satisfying the following conditions: The large rectan-
gle is defined by morphisms of discrete valuation rings and the compositions of horizontal
arrows are essentially of finite type. The left horizontal arrows are smooth and the right
horizontal arrows are essentially immersions.
Let X ⊂ Q0 and X
′ ⊂ Q′0 be as in 2. Then, we say that the right square is essentially
cartesian, if the diagram
(1.28)
Q′0 ←−−− X
′y y
Q0 ←−−− X
is cartesian on a neighborhood of the image of T ′.
In Definition 1.2.5.1, we may take X to be regular.
Lemma 1.2.6. Let OK0 → OK be a morphism of discrete valuation rings essentially of
finite type. Set S = SpecOK and S0 = SpecOK0.
1. Let X be a scheme of finite type, ξ ∈ X be a point and S → X be a morphism over S0
such that OX,ξ → OK induces an isomorphism on henselizations as in Definition 1.2.5.1.
Then, X is regular on a neighborhood of ξ.
2. Let S → Q0 be essentially an immersion to a smooth scheme over S0. Let X ⊂
Q0 be a closed subscheme such that S → Q0 induces a morphism S → X inducing an
isomorphism on the henselizations. Then, the morphism LX/Q0 ⊗OX OS → LS/Q0 induces
a quasi-isomorphism LS/Q0 → NX/Q0 ⊗OX OS[1].
3. The cotangent complex LS/S0 is of tor-amplitude [−1, 0].
4. If K is a separable extension of K0, the canonical morphism LS/S0 → Ω
1
S/S0
[0] is a
quasi-isomorphism.
In the following, we write NS/Q0 = H1(LS/Q0). This is canonically isomorphic to the
free OK-module NX/Q0 ⊗OX OK of finite rank by Lemma 1.2.6.2.
Proof. 1. Since S → S0 is flat and since mK ⊂ OK is generated by a non-zero divisor, we
may assume that X is flat over S0 and that ξ is the generic point of an integral effective
Cartier divisorD ⊂ X . Further, we may assume that the generic fiberXK0 = X×SSpecK0
is X D and is regular. Since D is of finite type over the residue field k of OK0 , we may
also assume that D is regular. Hence X is regular.
2. By 1, we may assume that X ⊂ Q0 is regular. Hence the immersion X → Q0 is a
regular immersion and the canonical morphism LX/Q0 → NX/Q0 [1] a quasi-isomorphism
by Lemma 1.1.1.3. Since the formation of cotangent complexes commutes with e´tale
morphisms and limits, we obtain a quasi-isomorphism LS/Q0 → NX/Q0 ⊗OX OS[1].
3. By 1, there exists an affine regular scheme X ⊂ Q0 = A
n
S0
of finite type over S0,
a morphism S → X over S0 and ξ ∈ X be as in Definition 1.2.5.1. Since the forma-
tion of cotangent complexes commutes with e´tale morphisms and limits, we may assume
that OK = OX,ξ. The canonical morphisms LQ0/S0 → Ω
1
Q0/S0
[0] and LX/Q0 → NX/Q0 [1]
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are quasi-isomorphisms by Lemma 1.1.1.2 and 3. Hence by the distinguished triangle
LQ0/S0 ⊗OQ0 OX → LX/S0 → LX/Q0 →, the cotangent complex LX/S0 is of tor-amplitude
[−1, 0].
4. Let the notation be as in the proof of 3. IfK is separable overK0, we may assume that
the generic fiber XK0 = X×S0 SpecK0 is smooth over K0. Since LXK/K0 → Ω
1
XK/K0
[0] is a
quasi-isomorphism by Lemma 1.1.1.2, the morphism NX/Q0 → Ω
1
Q0/S0
⊗OQ0 OX of locally
free OX -modules is an injection and the assertion follows. 
Lemma 1.2.7. Let OK0 be a discrete valuation ring and let OL → OL′ be a morphism of
ramification index e of discrete valuation rings essentially of finite type over OK0. Let
(1.29)
Q′0 ←−−− T
′= SpecOL′y y
Q0 ←−−− T = SpecOL
be a commutative diagram of essential immersions to smooth schemes over S0 = SpecOK0.
1. Let ξ ∈ Q0 and ξ
′ ∈ Q′0 be the images of the closed points of T and of T
′ respectively.
Then, the following conditions are equivalent:
(1) The diagram (1.29) is essentially cartesian.
(2) The local ring OQ′0×Q0ξ,ξ′ is of length e.
2. Assume that (1.29) is essentially cartesian. Then, the morphism Q′0 → Q0 is flat on
a neighborhood of the image of T ′ and the canonical morphism
(1.30) NT/Q0 ⊗OT OT ′ → NT ′/Q′0
is an isomorphism.
3. Assume that (1.29) is essentially cartesian and that T ′ → T is finite. Then, the
diagram (1.29) is cartesian on a neighborhood of T ′.
Proof. 1. Let X ⊂ Q0, X
′ ⊂ Q′0 be as in Definition 1.2.5.3 and let ξ ∈ X , ξ
′ ∈ X ′ be
the images of the closed points of T, T ′. Let I ⊂ OQ0,ξ and I
′ ⊂ OQ′0,ξ′ be the kernels of
the morphisms OQ0,ξ → OL and OQ′0,ξ′ → OL′ . Then, we have an inclusion IOQ′0,ξ′ ⊂ I
′
of ideals of OQ′0,ξ′ and the condition (1) is equivalent to the equality IOQ′0,ξ′ = I
′. By
the surjection OQ′0×Q0ξ,ξ′ → OX′×Xξ,ξ′ = OL′/mLOL′ = OL′/m
e
L′ , the condition (2) is
equivalent to the isomorphism OQ′0×Q0ξ,ξ′ → OX′×Xξ,ξ′.
Let s ∈ OQ0,ξ be a lifting of a uniformizer of OL and let I¯ ⊂ A = OQ0,ξ/(s) and
I¯ ′ ⊂ A′ = OQ′0,ξ′/(s) be the images of I and I
′. Let E and E ′ be the residue fields of L and
of L′. Then, since E = A/I¯, OQ′0×Q0ξ,ξ′ = A
′/I¯A′ and OX′×Xξ,ξ′ = A
′/I¯ ′, the condition (2)
is further equivalent to the equality I¯A′ = I¯ ′.
Since I and I ′ are generated by regular sequences of OQ0,ξ and of OQ′0,ξ′ that remain to
be regular sequences after joining s, the surjections I⊗OQ0,ξE → I¯⊗AE and I
′⊗OQ′
0
,ξ′
E ′ →
I¯ ′ ⊗A′ E
′ are isomorphisms. By Nakayama’s lemma, the equality I¯A′ = I¯ ′ is equivalent to
the surjectivity of I¯ ⊗A E
′ → I¯ ′ ⊗A′ E
′ and the equality IOQ′0,ξ′ = I
′ is equivalent to the
surjectivity of I ⊗OQ0,ξ E
′ → I ′ ⊗OQ′0,ξ′
E ′ and the assertion follows.
2. Let X ⊂ Q0 and X
′ ⊂ Q′0 be as in Definition 1.2.5.3. Since T
′ → T is flat, after
replacing Q′0 by a neighborhood of the image of T
′, we may assume that X ′ → X is flat.
Since (1.28) is cartesian on a neighborhood of the image of T ′, the morphism Q′ → Q is
also flat on a neighborhood of the image of T ′ by [10, Chapitre 0, Proposition (15.1.21)
b)⇒ a)]. Hence the morphism (1.30) is an isomorphism.
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3. By 2., we may assume that Q′ → Q is flat and quasi-finite. Since the underlying
set of a quasi-finite scheme T ×Q Q
′ over T is finite, the normal scheme T ′ is an open
subscheme of T ×Q Q
′ and the assertion follows. 
Lemma 1.2.8. Let OK be a discrete valuation ring essentially of finite type over a discrete
valuation ring OK0. Let OK → OL be a finite morphism of discrete valuation rings. We
consider a commutative diagram
(1.31)
Q0 ←−−− T = SpecOLy y
S0 ←−−− S = SpecOK
where Q0 is smooth over S0 and T → Q0 is essentially an immersion.
1. The morphism T → Q = Q0 ×S0 S defined by the diagram (1.31) is an immersion.
If Q0 → S0 is separated, then T → Q is a closed immersion.
2. Let (1.29) be an essentially cartesian diagram such that T ′ → T is defined by a finite
morphism of discrete valuation rings. Then, the diagram
(1.32)
Q′ = Q′0 ×S0 S ←−−− T
′y y
Q = Q0 ×S0 S ←−−− T
is cartesian on a neighborhood of the image of T ′ and the canonical morphism
(1.33) NT/Q ⊗OT OT ′ → NT ′/Q′
is an isomorphism. After replacing Q0 and Q
′
0 by e´tale neighborhoods, the vertical arrows
are finite flat.
Proof. 1. Since T is finite over S and T ×S SpecF → Q is an immersion for the residue
field F , the morphism T → Q is an immersion by Nakayama’s lemma. If Q0 → S0 is
separated, then Q→ S is also separated and the immersion T → Q is a closed immersion
since T is finite over S.
2. By Lemma 1.2.7.3, we may assume that (1.29) is cartesian. Then, (1.32) is cartesian
and (1.33) is an isomorphism.
Since T ′ → T is flat, the morphism Q′0 → Q0 is quasi-finite and flat on a neighborhood
of the image of T ′ → Q′0. Hence Q
′
0 → Q0 is finite and flat on e´tale neighborhoods. 
Proposition 1.2.9. Let S0 = SpecOK0 be a discrete valuation ring with perfect residue
field k. Let OL be a discrete valuation ring essentially of finite type over OK0.
1. There exists a divisorial essential immersion T → Q0 over S0,
2. Let T → Q0 be a divisorial essential immersion. Then, on a neighborhood of the im-
age of T , there exists a divisor D0 ⊂ Q0 smooth over S0 such that D0 meets T transversally
at the image ξ ∈ Q0 of the closed point of T and that ξ is the generic point of D0 ×S0 k.
3. Let
(1.34)
S ′0 ←−−− Q
′
0 ←−−− T
′y y
S0 ←−−− Q0 ←−−− T
be a commutative diagram of schemes such that the rectangle is defined by morphisms of
discrete valuation rings. Assume that T and T ′ are essentially of finite type over S0 and
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S ′0 respectively and that the right horizontal arrows are divisorial essential immersions to
smooth schemes.
Assume that the ramification index eK ′0/K0 is 1. Then, after replacing Q
′
0 by an e´tale
neighborhood, there exists a morphism Q′0 → Q0 of schemes such that the diagram (1.34)
with Q′0 → Q0 inserted is commutative and its right square is essentially cartesian.
Proof. 1. We may assume that OL = OX,ξ is a local ring of a normal flat scheme of
finite type over S0. Let t ∈ OL be a uniformizer and let v1, . . . , vn ∈ OL be liftings of a
transcendental basis of the residue field F = OL/mL over k such that F is a finite separable
extension of k(v¯1, . . . , v¯n). After shrinking X if necessary, define a morphism X → A
n+1
S0
by t, v1, . . . , vn. Then, X → A
n+1
S0
is unramified at ξ. Hence by [10, Chapitre 4, Corollaire
(18.4.7)] after further shrinking X if necessary, there exists a scheme Q0 e´tale over A
n+1
S0
containing X as an effective Cartier divisor.
2. Let ξ ∈ X ⊂ Q0 be as in Definition 1.2.5.2. The local ring OQ0,ξ is a regular local
ring of dimension 2. Let f ∈ OQ0,ξ be a generator of the divisor X and t0 ∈ OK0 be a
uniformizer. Then, the classes of f and of t0 in mξ/m
2
ξ are non-zero. Hence, there exists
an element t ∈ mξ such that mξ = (f, t) = (t0, t).
Let D0 ⊂ Q0 be the divisor defined by t. Then, by mξ = (t0, t), the divisor D0 ×S0 k ⊂
Q0×S0 k is regular and ξ is the generic point of D0×S0 k, on a neighborhood of ξ. Since k
is perfect, D0 ×S0 k is smooth over k and D0 ⊂ Q0 is smooth over S0 on a neighborhood
of ξ. Further, by mξ = (f, t), the divisor D0 meets T transversally at the closed point ξ.
3. Let ξ ∈ X ⊂ Q0 and ξ
′ ∈ X ′ ⊂ Q′0 be as in Definition 1.2.5.2. Let t0 ∈ OK0 ⊂ OK ′0 be
a common uniformizer and let f ∈ mξ ⊂ OQ0,ξ and f
′ ∈ mξ′ ⊂ OQ′0,ξ′ be elements defining
X ⊂ Q0 and X
′ ⊂ Q′0 on neighborhoods of ξ and ξ
′ respectively. Let s ∈ mξ and s
′ ∈ mξ′
be elements such that (f, s) = (t0, s) = mξ and (f
′, s′) = (t0, s
′) = mξ′ as in the proof of 2.
Let e = eL′/L be the ramification index. Since s ∈ mξ and s
′ ∈ mξ′ are liftings of
uniformizers of OL and of OL′ , there exists a unit u ∈ O
×
Q′0,ξ
′ such that s = us
′e in
OL′ . Then, since Q0 → S0 is smooth and since T
′ → Q′0 is essentially an immersion, after
replacing Q′0 by an e´tale neighborhood if necessary, there exists a morphism Q
′
0 → Q0 that
makes the diagram (1.34) commutative and satisfies s 7→ us′e. Then since OQ′0×Q0ξ,ξ′ =
OQ′0,ξ′/(f, s) = OQ′0,ξ′/(f
′, s′e) = OL′/(s
′e) is of length e, the right square is essentially
cartesian by Lemma 1.2.7.1 (2)⇒(1). 
Proposition 1.2.10. Let OK0 be a discrete valuation ring with perfect residue field k and
let
OK ′ −−−→ OL′x x
OK −−−→ OL
be a commutative diagram of morphisms of discrete valuation rings essentially of finite
type over OK0 such that the horizontal arrows are finite. Let
(1.35)
Q′0 ←−−− T
′= SpecOL′y y
Q0 ←−−− T = SpecOL
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be an essentially cartesian diagram of essential immersions to smooth separated schemes
over S0 = SpecOK0. Set S = SpecOK , S
′ = SpecOK ′ and let
Q′= Q′0 ×S0 S
′ ←−−− T ′y y
Q = Q0 ×S0 S ←−−− T
be the induced commutative diagram of immersions.
1. The morphism T ′ → T ×Q0 Q
′
0 defined by (1.35) is formally e´tale and induces a
formally e´tale morphism T ′ ×S S
′ → T ×Q Q
′ = T ×Q0 Q
′
0 ×S S
′.
2. Assume that T → Q0 and T
′ → Q′0 are separated and let J ⊂ OS′×SS′ be the
ideal defining the diagonal S ′ → S ′ ×S S
′ and let IT ⊂ OQ and IT ′ ⊂ OQ′ be the ideals
defining the closed subschemes T ⊂ Q and T ′ ⊂ Q′. Let m ≧ 0 and q ≧ 2 be integers and
set d′ = dimΩ1F ′/k. Let A denote the quotient ring OK ′/m
m
K ′[X0, . . . , Xd′ ]/(X0, . . . , Xd′)
q.
Then, the following conditions are equivalent:
(1) We have ITOQ′ ⊂ m
m
K ′IT ′ + I
q
T ′.
(2) The closed subscheme Y ⊂ S ′ ×S S
′ defined by the ideal IY = m
m
K ′OS′×SS′ + J
q ⊂
OS′×SS′ is isomorphic to SpecA.
Note that the condition (2) does not depend on T or S0.
Proof. 1. Let X ⊂ Q0 and X
′ ⊂ Q′0 be as in Definition 1.2.5.3. We consider the commu-
tative diagram
Q′0 ←−−− X
′ ←−−− T ′y y y
Q0 ←−−− X ←−−− T.
Since (1.35) is assumed essentially cartesian, we may assume that the left square is carte-
sian. Since the right horizontal arrows are formally e´tale, the morphism T ′ → T ×Q0 Q
′
0
is formally e´tale. Since T ×Q Q
′ = T ×Q0 Q
′
0 ×S S
′, the morphism T ′ ×S S
′ → T ×Q Q
′ is
formally e´tale.
2. Since T → Q0 and T
′ → Q′0 are separated, the immersions T → Q and T
′ → Q′ are
closed immersions by Lemma 1.2.8.1. Let N be the length of the ring A and e = eL′/K ′
be the ramification index. Let Z ⊂ Q′ be the closed subscheme defined by the ideal
IZ = m
m
K ′OQ′ + I
q
T ′ ⊂ OQ′. Since Q
′ → S ′ is smooth of relative dimension d′ + 1 and
since T ′ → Q′ is a regular immersion, the length of OZ is Ne. We show that, for the fiber
product T ′×S′ Y with respect to the restriction of the first projection, the both conditions
(1) and (2) are equivalent to the condition that OT ′×S′Y is of length Ne.
Since ITOQ′ ⊂ IT ′ and m
m
K ′IT ′ + I
q
T ′ = (m
m
K ′OQ′ + I
q
T ′) ∩ IT ′ , the condition (1) is
equivalent to the inclusion ITOQ′ ⊂ m
m
K ′OQ′ + I
q
T ′ = IZ . This means that the closed
immersion T ×Q Z → Z is an isomorphism. Since OZ is of length Ne, the condition (1) is
equivalent to the condition that OT×QZ is of length Ne. To show that this is equivalent
to the condition that OT ′×S′Y is of length Ne, it suffices to show that the formally e´tale
morphism T ′ ×S S
′ → T ×Q Q
′ induces an isomorphism T ′ ×S′ Y → T ×Q Z of closed
subschemes.
The closed subscheme T ′ of T ′ ×S S
′ and of T ×Q Q
′ is defined by the pull-backs of
J ⊂ OS′×SS′ and of IT ′ ⊂ OQ′ respectively. Since the morphism T
′ ×S S
′ → T ×Q Q
′ is
formally e´tale by 1, this induces an isomorphism on the closed subschemes defined by the
pull-backs of J q and of IqT ′ respectively. Hence by IY = m
m
K ′OS′×SS′ + J
q ⊂ OS′×SS′ and
IZ = m
m
K ′OQ′ + I
q
T ′ ⊂ OQ′, the morphism T
′ ×S S
′ → T ×Q Q
′ induces an isomorphism
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T ′ ×S′ Y = (T
′ ×S S
′)×S′×SS′ Y → T ×Q Z = (T ×Q Q
′)×Q′ Z. Thus the condition (1) is
equivalent to the condition that OT ′×S′Y is of length Ne as required.
Since Ω1S′/S = NS′/S′×SS′ is generated by at most d
′ + 1 elements, there exists a closed
immersion Y → SpecA. Hence the condition (2) is equivalent to the condition that the
local ring OY is of length N . Since T
′ → S ′ is faithfully flat, this is further equivalent to
the condition that OT ′×S′Y is of length Ne. 
Example 1.2.11. Let OK be a henselian discrete valuation ring with residue field F of
characteristic p > 0. Let t ∈ OK be a uniformizer and u1, . . . , un ∈ OK be a lifting of a
p-basis of F . Let m = qm′ ≧ 1 be an integer divisible by a power q > 1 of p and OK ′ be
the henselization of
OK [v0, . . . , vn, w1, . . . , wn, t
′]/(t− v0t
′m, ui − (w
m
i + vit
′m); i = 1, . . . , n)
at the prime ideal (t′).
Then, m and q satisfies the condition (2) in Proposition 1.2.10. In fact, set R =
OK [T
′, V0, . . . , Vn,W1, . . . ,Wn] and define a formally unramified morphism S
′ = SpecOK ′ →
A2n+2S = SpecR by t
′, v0, . . . , vn, w1, . . . , wn ∈ OK ′. Then its base change S
′×SS
′ → A2n+2S′
defines a formally e´tale morphism to the closed subscheme defined by the ideal
I = (v0t
′m ⊗ 1− 1⊗ V0T
′m, (wmi + vit
′m)⊗ 1− 1⊗ (Wmi + ViT
′m); i = 1, . . . , n) ⊂ R.
Let
J = (vi − Vi; i = 0, . . . , n, wi −Wi; i = 1, . . . , n, t
′ − T ′) ⊂ R
denote the ideal defining the diagonal section S ′ ⊂ S ′ ×S S
′ → A2n+2S′ . Then, by the
conguence am−bm ≡ (am
′
−bm
′
)q mod p and p, t′m ∈ mKOK ′ = m
m
K ′ , we have I ⊂ J
q+mmK ′R
and the condition (2) is satisfied. 
1.3. Differentials and conormal modules.
Lemma 1.3.1. Let OK → OL be a finite morphism of discrete valuation rings such that
L is a finite separable extension of K and let E be the residue field of L. Set S = SpecOK
and T = SpecOL.
1. The morphisms SpecE → T → S define an injection
(1.36) TorOT1 (Ω
1
T/S, E)→ H1(LE/S)
of E-vector spaces.
2. Let T → Q be an immersion to a smooth scheme Q over S. Then, the distinguished
triangle LQ/S ⊗
L
OQ
OT → LT/S → LT/Q → defines an injection
(1.37) TorOT1 (Ω
1
T/S, E)→ NT/Q ⊗OT E
of E-vector spaces. If T → Q is minimal, then (1.37) is an isomorphism.
3. Let K ⊂ M ⊂ L be an intermediate extension and let T → X = SpecOM → S be
the corresponding morphisms. Then, the associated morphism
(1.38) TorOM1 (Ω
1
OM/OK
, E)→ TorOL1 (Ω
1
OL/OK
, E)
is an injection.
Proof. 1. The morphisms SpecE → T → S define a distinguished triangle
(1.39) → LT/S ⊗
L
OT
E → LE/S → LE/T →
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of cotangent complexes. Since L is assumed to be a separable extension ofK, the canonical
morphism LT/S → Ω
1
T/S [0] is a quasi-isomorphism by Lemma 1.2.6.4. By this and the
quasi-isomorphism LE/T → NE/T [1], we obtain an exact sequence
(1.40) 0→ TorOT1 (Ω
1
T/S, E)→ H1(LE/S)→ NE/T → Ω
1
T/S ⊗OT E → Ω
1
E/F → 0
of E-vector spaces and the assertion follows.
2. By Lemma 1.2.6.4, the canonical morphism LT/S → Ω
1
T/S [0] is a quasi-isomorphism.
Hence the distinguished triangle LQ/S ⊗
L
OQ
OT → LT/S → LT/Q → defines an exact
sequence
(1.41) 0→ NT/Q → Ω
1
Q/S ⊗OQ OT → Ω
1
T/S → 0
of OT -modules. This defines an exact sequence
(1.42) 0→ TorOT1 (Ω
1
T/S, E)→ NT/Q ⊗OT E → Ω
1
Q/S ⊗OT E → Ω
1
T/S ⊗OT E → 0
of E-vector spaces.
If T → Q is minimal, the right morphism Ω1Q/S⊗OT E → Ω
1
T/S⊗OT E is an isomorphism
and hence the left morphism TorOT1 (Ω
1
T/S, E)→ NT/Q ⊗OT E is an isomorphism.
3. By the distinguished triangle LX/S ⊗
L
OX
OT → LT/S → LT/X → and Lemma 1.2.6.3
applied to LT/X , we obtain an injection (1.38). 
We make Lemma 1.3.1 explicit in the case where OL is generated by one element over
OK . LetOK → OL be a finite morphism of discrete valuation rings and assume that L % K
is a separable extension. Assume that the residue field E of L is a purely inseparable
extension of degree q of the residue field F of K and let e = eL/K be the ramification
index. Assume that OL is generated by one element α over OK and let f ∈ OK [X ] be
the minimal polynomial of α. Since f¯ ∈ F [X ] is a power of the minimal polynomial of
α¯ ∈ E = F (α¯), there exists u¯ ∈ F such that f¯ ≡ (Xq − u¯)e and that Xq − u¯ ∈ F [X ] is
irreducible. If q = 1 and u¯ = 0, then f is an Eisenstein polynomial.
Since the immersion T = SpecOL → Q = SpecOK [X ] defined by α is minimal, the
canonical morphism TorOT1 (Ω
1
T/S , E)→ NT/Q ⊗OT E (1.37) is an isomorphism by Lemma
1.3.1.2.
Lemma 1.3.2. Let the notation be as above and let
(1.43) NT/Q ⊗OT E → H1(LE/S)
be the composition of the inverse of the isomorphism (1.37) with the injection TorOL1 (Ω
1
OL/OK
, E)→
H1(LE/S) (1.36).
1. Assume that f ∈ OK [X ] is an Eisenstein polynomial and let pi = f(0) be the constant
term. Then the image of the basis f ∈ NT/Q ⊗OT E by (1.43) is dpi.
2. Assume that q > 1 and set f = (Xq − u)e + t · h for a uniformizer t ∈ OK, a lifting
u ∈ OK of u¯ and h ∈ OK [X ] such that deg h < qe. Then, the image of f by (1.43) is
−d˜u+ h¯ · dt if e = 1 and h¯ · dt if e > 1.
Proof. 1. This follows from f ≡ pi mod (X, pi)2.
2. By the commutative diagram
(1.44)
H1(LE/S) −−−→ NE/Qx x
TorOL1 (Ω
1
OL/OK
, E)
≃
−−−→ NT/Q ⊗OT E
20 TAKESHI SAITO
of injections, it suffices to show that Xq − u ∈ NE/Q is the image of −d˜u ∈ H1(LE/S). We
consider the commutative diagram
(1.45)
SpecE −−−→ Q = SpecOK [X ]y y
SpecF (u1/p) −−−→ A1S = SpecOK [V ]
where the lower line is defined by V 7→ u1/p and the right vertical arrow is defined by
V 7→ Xq/p. Since Xq − u is the image of the basis V p − u of NF (u1/p)/A1S , the assertion
follows. 
Example 1.3.3. Let K = k(u)((t)) be the field of formal power series of characteristic 2
and let L be the Artin-Schreier extension of K defined by X2−X = u/t2. Then the integer
ring OL is generated by α = tX over OK and its minimal polynomial is f = T
2 − tT − u.
Hence the class of f is −d˜u− α · d˜t.
Let OK → OL be a finite morphism of discrete valuation rings essentially of finite type
over OK0 such that the extensions of discrete valuation fields are separable. We consider
a commutative diagram
(1.46)
Q0 ←−−− T = SpecOLy y
S0 ←−−− S = SpecOK
where Q0 is smooth over S0 and T → Q0 is essentially an immersion. We consider
the distinguished triangle LQ/Q0 ⊗
L
OQ
OT → LT/Q0 → LT/Q → of cotangent complexes
associated to morphisms T → Q = Q0 ×S0 S → Q0. This defines an exact sequence
(1.47) 0→ NT/Q0 → NT/Q → Ω
1
S/S0
⊗OS OT → 0
ofOT -modules. In fact, LS/S0 → Ω
1
S/S0
[0] is a quasi-isomorphism by the assumption thatK
is separable over K0 and by Lemma 1.2.6.4 and LS/Q0 → NS/Q0 [1] is a quasi-isomorphism
by Lemma 1.2.6.2.
If T = S, then the immersion S → Q = Q0 ×S0 S is a section of a smooth morphism
Q = Q0 ×S0 S → S and the exact sequence (1.47) is identified with
(1.48) 0→ NS/Q0 → Ω
1
Q0/S0
⊗OQ0 OS → Ω
1
S/S0
→ 0
by the isomorphism d : NS/Q → Ω
1
Q0/S0
⊗OQ0 OS.
Proposition 1.3.4. Let OK → OL be a finite morphism of discrete valuation rings es-
sentially of finite type over a discrete valuation ring OK0 with perfect residue field k of
characteristic p > 0. We assume that the extensions of discrete valuation fields are sep-
arable. Set S = SpecOK , T = SpecOL and S0 = SpecOK0. Let Q0 be a smooth scheme
over S0 and T → Q0 be essentially an immersion. Let T → Q = Q0 ×S0 S be the induced
immersion. Then we have a commutative diagram
(1.49) TorOL1 (Ω
1
OL/OK
, E)
**❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚
(1.37)

(1.36)
// H1(LE/S)
(1.12)

NT/Q ⊗OL E
(1.47)
// Ω1S/S0 ⊗OK E
GRADED QUOTIENTS OF RAMIFICATION GROUPSOF LOCAL FIELDS WITH IMPERFECT RESIDUE FIELDS21
where the slant arrow is minus of the boundary mapping defined by the exact sequence
0→ Ω1S/S0 ⊗OS OT → Ω
1
T/S0
→ Ω1T/S → 0.
Proof. The morphisms SpecE → T → S → S0 of schemes define a commutative diagram
of distinguished triangles
(1.50)
−−−→ LS/S0 ⊗
L
OS
E −−−→ LT/S0 ⊗
L
OS
E −−−→ LT/S ⊗
L
OT
E −−−→∥∥∥ y y
−−−→ LS/S0 ⊗
L
OS
E −−−→ LE/S0 −−−→ LE/S −−−→
and the upper right triangle in (1.49) is commutative.
The commutative diagram of schemes
T //
❃
❃❃
❃❃
❃❃
❃ S
// S0
Q //
OO
Q0
OO
defines a commutative diagram
(1.51) LS/S0 ⊗OS OT
//
≃

LT/S0 //

LT/S

//
LQ/Q0 ⊗
L
OQ
OT // LT/Q0 // LT/Q //
of distinguished triangles of complexes of OT -modules. The canonical morphisms LT/S →
Ω1T/S[0], LS/S0 → Ω
1
S/S0
[0] are quasi-isomorphisms by Lemma 1.2.6.4 and LT/Q → NT/Q[1]
is a quasi-isomorphism by Lemma 1.1.1.3. Hence the diagram (1.51) with ⊗LOTE shows
that the lower left triangle in (1.49) is commutative by Lemma 1.1.1.1. 
The exact sequence (1.47) has the following functoriality. Let
(1.52)
T ′ −−−→ S ′ −−−→ S ′0y y y
T −−−→ S −−−→ S0,
T ′ −−−→ Q′0y y
T −−−→ Q0
be commutative diagrams of schemes such that the left one is defined by morphisms of
discrete valuation rings and the horizontal arrows in the right one are essentially regular
immersions to smooth schemes. We assume that the extensions of discrete valuation fields
are separable. Then by the commutative diagram
(1.53)
LS′/S′0 ⊗OS′ OT ′ −−−→ LT ′/Q′0 −−−→ LT ′/Q′ −−−→x x x
LS/S0 ⊗OS OT ′ −−−→ LT/Q0 ⊗OT OT ′ −−−→ LT/Q ⊗OT OT ′ −−−→
of distinguished triangles and Lemma 1.2.6.4, we have a commutative diagram
(1.54)
0 −−−→ NT ′/Q′0 −−−→ NT ′/Q′
d
−−−→ Ω1S′/S′0
⊗OS′ OT ′ −−−→ 0x x x
0 −−−→ NT/Q0 ⊗OT OT ′ −−−→ NT/Q ⊗OT OT ′
d
−−−→ Ω1S/S0 ⊗OS OT ′ −−−→ 0
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of OT ′-modules. If S0 = S
′
0, S = S
′ and if the right diagram in (1.52) is essentially
cartesian, the vertical arrows are isomorphisms by (1.30) and (1.33). Further if T = S,
the diagram (1.54) and the exact sequence (1.48) give an isomorphism
(1.55)
0 −−−→ NT ′/Q′0 −−−→ NT ′/Q′ −−−→ Ω
1
S/S0
⊗OS OT ′ −−−→ 0x x ∥∥∥
0 −−−→ NS/Q0 ⊗OS OT ′ −−−→ Ω
1
Q0/S0
⊗OQ0 OT ′ −−−→ Ω
1
S/S0
⊗OS OT ′ −−−→ 0
of exact sequences.
Proposition 1.3.5. Let OK0 be a discrete valuation ring with perfect residue field and let
OK ′ −−−→ OL′x x
OK −−−→ OL
be a commutative diagram of morphisms of discrete valuation rings essentially of finite type
over OK0. Assume that the horizontal arrows are finite and that the extensions of discrete
valuation fields are separable. Let S = SpecOK, S
′ = SpecOK ′ and S0 = SpecOK0. Let
(1.56)
Q′0 ←−−− T
′= SpecOL′y y
Q0 ←−−− T = SpecOL
be an essentially cartesian diagram of divisorial essential immersions and let T → Q =
Q0 ×S0 S and T
′ → Q′ = Q′0 ×S0 S
′ be the induced immersions. Let F, F ′, E and E ′ be
residue fields of K,K ′, L and L′ and set d = dimF Ω
1
F/k, d
′ = dimF ′ Ω
1
F ′/k.
1. The commutative diagram (1.54) defines an exact sequence
(1.57) 0 −−−→ NT/Q ⊗OT OT ′ −−−→ NT ′/Q′ −−−→ Ω
1
S′/S ⊗OS′ OT ′ −−−→ 0.
2. Assume dimF ′ Ω
1
S′/S ⊗OS′ F
′ = d′ + 1. Then, dimE′ Tor
OS′
1 (Ω
1
S′/S, E
′) = d + 1. The
morphism
(1.58) Tor
OS′
1 (Ω
1
S′/S, E
′)→ H1(LE′/S)
defined by the distinguished triangle LS′/S⊗
L
OS′
E ′ → LE′/S → LE′/S′ → is an isomorphism
and the morphism
(1.59) H1(LE′/S′)→ Ω
1
S′/S ⊗OS′ E
′
is an injection. The injection
(1.60) Tor
OS′
1 (Ω
1
S′/S, E
′)→ NT/Q ⊗OT E
′
defined by (1.57) is an isomorphism.
3. We keep assuming dimF ′ Ω
1
S′/S ⊗OS′ F
′ = d′ + 1. Then, the diagram
(1.61)
Tor
OS′
1 (Ω
1
S′/S, E
′)
≃
−−−−→
(1.58)
H1(LE′/S)
(1.60)
y≃ x(1.36)
NT/Q ⊗OT E
′
(1.37)
←−−−− TorOT1 (Ω
1
T/S , E
′)
is commutative.
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4. For an integer m ≧ 0, the following conditions are equivalent:
(1) The image of the canonical morphism NT/Q → NT ′/Q′ is a submodule of m
m
K ′NT ′/Q′
and the morphism NT/Q⊗OL E
′ → mmK ′NT ′/Q′ ⊗O′L E
′ induced by NT/Q → m
m
K ′NT ′/Q′ is an
injection.
(2) The OK ′-module Ω
1
S′/S is isomorphic to O
⊕(d′−d)
K ′ ⊕ (OK ′/m
m
K ′)
⊕(d+1).
If these equivalent conditions are satisfied, we have a canonical isomorphism
(1.62) Tor
OK′
1 (Ω
1
S′/S, F
′)→ Ω1S′/S,tors ⊗OK′ m
m
K ′/m
m+1
K ′ .
Note that the condition (2) in 4. is independent of T .
Proof. 1. Since the diagram (1.56) is assumed to be essentially cartesian, the left vertical
arrow in (1.54) is an isomorphism by Lemma 1.2.7.2. Hence (1.54) induces an isomorphism
Coker(NT/Q ⊗OT OT ′ → NT ′/Q′)→Coker(Ω
1
S/S0
⊗OS OT ′ → Ω
1
S′/S′0
⊗OS′ OT ′)
= Ω1S′/S ⊗OS′ OT ′
and we obtain the exact sequence (1.57).
2. Let S → X and S ′ → X ′ be morphisms to irreducible regular schemes of finite
type over S0 inducing isomorphisms on the henselizations and let X
′ → X be a morphism
compatible with S ′ → S. We may assume that the generic fibers XK0 and X
′
K0
are smooth
over K0 and that the morphism X
′
K0
→ XK0 is smooth. Then, we have dimX = d + 1,
dimX ′ = d′ + 1 and hence dimK ′Ω
1
OK′/OK
⊗OK′ K
′ = d′ − d. Thus, the assumption
dimF ′ Ω
1
S′/S ⊗OS′ F
′ = d′ + 1 implies dimE′ Tor
OS′
1 (Ω
1
S′/S, E
′) = d+ 1.
Since LE′/S′ is acyclic except at degree [−1, 0], the distinguished triangle LS′/S⊗
L
OS′
E ′ →
LE′/S → LE′/S′ → defines an exact sequence 0 → Tor
OS′
1 (Ω
1
S′/S, E
′) → H1(LE′/S) →
H1(LE′/S′)→ Ω
1
S′/S⊗OS′E
′. By the exact sequence (1.5), we have dimE′ H1(LE′/S) ≦ d+1.
Hence the injection (1.58) is an isomorphism and the morphism (1.59) is an injection. Since
Q0 → S0 is of relative dimension d+ 1, the free OT -module NT/Q is of rank d+ 1. Hence
the injection (1.60) induced by (1.57) is an isomorphism.
3. By the functoriality of (1.36), the diagram
(1.63) Tor
OS′
1 (Ω
1
S′/S, E
′)
≃
(1.58)
//

H1(LE′/S)
Tor
OT ′
1 (Ω
1
T ′/S, E
′)
66❧❧❧❧❧❧❧❧❧❧❧❧❧❧
TorOT1 (Ω
1
T/S , E
′)oo
(1.36)
OO
is commutative. Since the slant arrow Tor
OT ′
1 (Ω
1
T ′/S, E
′) → H1(LE′/S) is an injection by
Lemma 1.3.1.1, the left vertical arrow is an isomorphism.
Since the construction of (1.57) is functorial in S ′, we obtain a commutative diagram
(1.64)
0 −−−→ NT/Q ⊗OT OT ′ −−−→ NT ′/Q′ −−−→ Ω
1
S′/S ⊗OS′ OT ′ −−−→ 0∥∥∥ y y
0 −−−→ NT/Q ⊗OT OT ′ −−−→ NT ′/(Q′0⊗S0T ′) −−−→ Ω
1
T ′/S −−−→ 0∥∥∥ x x
0 −−−→ NT/Q ⊗OT OT ′ −−−→ NT/(Q0×S0T ) ⊗OT OT ′ −−−→ Ω
1
T/S ⊗OT OT ′ −−−→ 0
24 TAKESHI SAITO
of exact sequences of OT ′-modules. Since the middle term in the lower line is canonically
identified with Ω1Q/S ⊗OQ OT ′ , the diagram
(1.65) Tor
OS′
1 (Ω
1
S′/S, E
′)
≃ //
≃(1.60)

Tor
OT ′
1 (Ω
1
T ′/S, E
′)
uu❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
NT/Q ⊗OT E
′ TorOT1 (Ω
1
T/S, E
′)
OO
(1.37)
oo
is commutative. By combining (1.63) and (1.65), we obtain (1.61).
4. The exact sequence (1.57) induces an isomorphism
(1.66) M = Coker(NT/Q ⊗OT OT ′ → NT ′/Q′)→ Ω
1
S′/S ⊗OS′ OT ′.
The condition (1) is equivalent to that M/mmK ′M is a free OL′/m
m
K ′OL′-module of rank
d′ + 1 and that mmK ′M is a free OL′-module of rank d
′ − d. Hence the conditions (1) and
(2) are equivalent to each other.
Since Mtors = NT/Q ⊗OT (m
−m
K ′ /OT ′), the isomorphism (1.66) induces an isomorphism
(1.62). 
Example 1.3.6. Let OK → OK ′ be a morphism of henselian discrete valuation rings in
Example 1.2.11. Then dimΩ1F/k = n, Ω
1
F ′/k = 2n + 1 and the OK ′-module Ω
1
OK′/OK
is
isomorphic to O⊕n+1K ′ ⊕ (OK ′/mKOK ′)
⊕n+1. 
2. Smooth group schemes
We first study extensions of vector spaces by finite groups in Section 2.1. The main goal
here is a criterion (Proposition 2.1.6) for a finite e´tale covering of a vector space to be an
extension by a finite group. This will be used in the reduction to the perfect residue field
case in the first proof of Theorem 4.3.1.
In Section 2.2, we give a criterion (Proposition 2.2.4) for a finite e´tale covering of a
smooth group scheme to be a morphism of group schemes. This will be used to prove the
crucial case where the index r > 1 is an integer in the second proof of Theorem 4.3.1.
2.1. Additive torsors over vector spaces. Let k be a field of characteristic p > 0
and let E be a k-vector space of finite dimension. We consider E = SpecS(E∨) as a
smooth algebraic group over k defined by the symmetric algebra over k of the dual space
E∨ = Homk(E, k).
Let Ext(E,Fp) denote the group of isomorphism classes of extensions 0→ Fp → H →
E → 0 of smooth commutative group schemes over k. We define a morphism
(2.1) E∨ → Ext(E,Fp)
by sending a linear form f : E → Ga to the class [H ] of the extension defined by the
commutative diagram
(2.2)
0 −−−→ Fp −−−→ H −−−→ E −−−→ 0∥∥∥ y yf
0 −−−→ Fp −−−→ Ga
F−1
−−−→ Ga −−−→ 0
of extensions, where F : Ga → Ga denotes the Frobenius endomorphism.
Since an extension of E by Fp is an Fp-torsor over E, by forgetting the group structure,
we obtain a canonical morphism
(2.3) Ext(E,Fp)→ H
1(E,Fp).
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Let F : S(E∨) → S(E∨) denote the absolute Frobenius endomorphism of the symmetric
algebra and identify
(2.4) H1(E,Fp) = Coker(F − 1: S(E
∨)→ S(E∨))
by the Artin-Schreier sequence 0 → Fp → Ga
F−1
−→ Ga → 0. For an integer m ≧ 1 prime
to p, we set
(2.5) Smp
∞
(E∨) = lim
−→
e∈N
Smp
e
(E∨)
with respect to F .
Proposition 2.1.1. Let k be a field of characteristic p > 0 and let E be a k-vector space
of finite dimension.
1. For an integer n ≧ 1, the mapping F : Sn(E∨)→ Spn(E∨) is an injection.
2. The morphism S(E∨)→ H1(E,Fp) (2.4) induces an isomorphism
(2.6) H1(k,Fp)⊕
⊕
p∤m
Smp
∞
(E∨)→ H1(E,Fp).
3. The morphism (2.3) is an injection and the morphism (2.1) is an isomorphism. The
diagram
(2.7)
S(E∨)
(2.4)
−−−→ H1(E,Fp)
∪
x x(2.3)
E∨
(2.1)
−−−→ Ext(E,Fp)
is commutative.
Proof. 1. Since S(E∨) is an integral domain, the endomorphism F : S(E∨)→ S(E∨) is an
injection.
2. We identify H1(E,Fp) = Coker(F−1: S(E
∨)→ S(E∨)). Then the right hand side is
the direct sum of H1(k,Fp) = Coker(F − 1: k → k) and Coker(F − 1:
⊕∞
e=0 S
pem(E∨)→⊕
∞
e=0 S
pem(E∨)) = Smp
∞
(E∨) for m ≧ 1 prime to p.
3. We give a proof for convenience. By the definitions of (2.4) and (2.1), the diagram is
commutative. Since the composition through the upper left is an injection by 1. and 2., it
suffices to show the surjectivity of (2.1). Since E is a direct sum of copies of Ga, we may
assume E = Ga.
Since an automorphism of hyperbolic curve has no non-trivial deformation, a connected
affine smooth group scheme of dimension 1 over k is isomorphic to Ga or a form of Gm.
Since there is no non-trivial morphismGm → Ga of group schemes, a non-trivial extension
ofGa by Fp is isomorphic toGa. Since a finite e´tale morphism Ga → Ga of group schemes
of degree p with split kernel is a(F − bp−1) for a, b ∈ k×, the morphism (2.1) for E = Ga
is a surjection. 
By the isomorphism (2.1), we identify Ext(E,Fp) = E
∨. By the isomorphism (2.6),
we identify H1(E,Fp) = H
1(k,Fp)⊕
⊕
p∤m S
mp∞(E∨). Then, the injection Ext(E,Fp)→
H1(E,Fp) (2.3) is induced by E
∨ → Sp
∞
(E∨). The injection E∨ → Sp
∞
(E∨) is an
isomorphism if and only if E is of dimension 1.
Assume that k is separably closed and let pi1(E, 0)pro-p denote the maximum pro-p
quotient of the e´tale fundamental group defined by the base point at the origin 0.
26 TAKESHI SAITO
Corollary 2.1.2. Let k → k′ be a morphism of separably closed fields of characteristic p >
0. Let E and E ′ be a k-vector space and a k′-vector space of finite dimension respectively
and let E ′ → Ek′ = E ⊗k k
′ be a k′-linear morphism.
1. The following conditions are equivalent:
(1) The morphism of schemes E ′ → E is dominant.
(2) The morphism H1(E,Fp)→ H
1(E ′,Fp) of e´tale cohomology is injective.
(3) The morphism of pro-p fundamental groups pi1(E
′, 0)pro-p → pi1(E, 0)pro-p is surjec-
tive.
2. Assume that k is algebraically closed and that E ′ → Ek′ = E ⊗k k
′ is a surjection.
Then, the diagram
(2.8)
H1(E,Fp) −−−→ H
1(E ′,Fp)x x
Ext(E,Fp) −−−→ Ext(E
′,Fp)
is cartesian and the horizontal arrows are injections.
Proof. 1. (1)⇔(2): The condition (1) is equivalent to the injectivity of the morphism of
symmetric algebras S(E∨) → S(E ′∨). Since k → k′ is an injection, this is equivalent
to the injectivity of Sn(E∨) → Sn(E ′∨) for every n ≧ 1. By Proposition 2.1.1.1, this is
equivalent to the injectivity of Smp
∞
(E∨)→ Smp
∞
(E ′∨) for every m ≧ 1 prime to p. Since
k and k′ are separably closed, by Proposition 2.1.1.2, this is equivalent (2).
(2)⇔(3): Since H1(E,Fp) is identified with the character group Hom(pi1(E, 0)pro-p,Fp)
it suffices to apply the following Lemma 2.1.3.
2. By taking a splitting, we may assume E ′ = Ek′. Taking a basis, we may assume
E = kn and identify S(E∨) = k[X1, . . . , Xn]. Then, by Proposition 2.1.1.2, H
1(E,Fp) is
identified with
⊕
m kX
m where m = (m1, . . . , mn) runs multiindices such that p ∤ mi for
some i and Ext(E,Fp) is identified with
⊕n
i=1 kXi. Hence the assertion follows. 
Lemma 2.1.3. Let G→ G′ be a morphism of pro-p groups. The following conditions are
equivalent:
(1) G→ G′ is a surjection.
(2) The induced morphism Hom(G′,Fp)→ Hom(G,Fp) is an injection.
Proof. We may assume that G and G′ are finite p-groups. Then, since p-groups are nilpo-
tent, the condition (1) is equivalent to the surjectivity of the morphism Gab → G
′
ab of
abelianizations by [7, Chapter 1, §3 Proposition 8, Corollary 4]. By Nakayama’s lemma,
this is equivalent to the surjectivity of Gab/G
p
ab → G
′
ab/G
′p
ab. This is equivalent to (2). 
Definition 2.1.4. Let k be a field of characteristic p > 0 and let E be a k-vector space of
finite dimension. Let G be a finite group and let f : H → E be a G-torsor on E.
1. We say that the G-torsor H on E is additive if the following conditions are satisfied:
There exists an isomorphism H → Gna for n = dimk E such that f : H → E is an e´tale
morphism of group schemes over k and that the action of G on H is the same as the
translation by G = Ker f .
2. We define a morphism
(2.9) [H ] : Hom(G,Fp)→ H
1(E,Fp)
by sending a character χ : G→ Fp to the image of the class [H ] ∈ H
1(E,G) by χ∗ : H
1(E,G)→
H1(E,Fp).
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If H is additive, the morphism (2.9) induces a morphism
(2.10) [H ] : Hom(G,Fp)→ E
∨ = Ext(E,Fp)
sending a character χ : G → Fp to the linear form f ∈ E
∨ such that there exists a
commutative diagram
(2.11)
0 −−−→ G −−−→ H −−−→ E −−−→ 0
χ
y y yf
0 −−−→ Fp −−−→ Ga
F−1
−−−→ Ga −−−→ 0
of exact sequences of smooth group schemes over k.
An additive torsor over Ga is described as follows.
Lemma 2.1.5. Let k be a field of characteristic p > 0 and let G ⊂ k be a finite subgroup
of the additive group.
1. The separable polynomial a =
∏
σ∈G(X − σ) ∈ k[X ] is an additive polynomial and
the sequence
(2.12) 0 −−−→ G −−−→ Ga
a
−−−→ Ga −−−→ 0
is exact.
2. Let χ : G → Fp be a character and let τ ∈ G be an element such that χ(τ) = 1.
Let b =
∏
σ∈Kerχ(X − σ) ∈ k[X ] be the additive polynomial. Then the morphism G
∨ =
Hom(G,Fp)→ k = Ext(Ga,Fp) (2.10) defined by (2.12) maps χ to 1/b(τ)
p.
Proof. 1. Since G = a−1(0), it suffices to show that a is an additive polynomial. We
show this by induction on dimFp G. If G = 0, then a = X is an additive polynomial. Let
χ : G → Fp be a character and let τ ∈ G be an element such that χ(τ) = 1 as in 2. The
polynomial b ∈ k[X ] defined in 2 is an additive polynomial by the induction hypothesis.
Hence
(2.13) a =
∏
i∈Fp
b(X − iτ) =
∏
i∈Fp
(b(X)− ib(τ)) = b(X)p − b(τ)p−1b(X)
is an additive polynomial.
2. By (2.13), for b1 = b/b(τ) ∈ k[X ], we have a commutative diagram
0 −−−→ G −−−→ Ga
a
−−−→ Ga −−−→ 0
χ
y yb1 y· 1b(τ)p
0 −−−→ Fp −−−→ Ga
F−1
−−−→ Ga −−−→ 0
and the assertion follows. 
Proposition 2.1.6. Let k be a field of characteristic p > 0 and let E be a k-vector space
of finite dimension. Let G be a finite group and let f : H → E be a G-torsor on E. Then,
the following conditions (1)–(3) are equivalent to each other:
(1) H is additive.
(2) There exists a structure of group scheme over k on H such that f : H → E is a
morphism of group schemes over k and H is connected.
(3) The group G is an Fp-vector space and the morphism [H ] : Hom(G,Fp)→ H
1(E,Fp)
is an injection to Ext(E,Fp) = E
∨.
We use the following to prove the implication (2)⇒(1).
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Lemma 2.1.7. Let f : H → G be a finite e´tale morphism of smooth connected group
schemes over a field k.
1. H is a central extension of G by the kernel N .
2. If G is abelian, then H is abelian. Further if G is killed by an integer n ≧ 1, then H
is also killed by n.
3. If G is a vector space over k, then H is also isomorphic to a vector space over k.
Proof. 1. By extending k if necessary, we may assume that N is split. For a ∈ N ,
the composition of the morphism [ , a] : H → H defined by the commutator [ , a] with
f : H → G is the constant morphism and induces a morphism H → N . Since H is
connected, this implies that the morphism [ , a] : H → H is also constant. Hence H is a
central extension of G by N .
2. Since H is an N -torsor over G, the morphism H×N → H×GH defined by (x, y) 7→
(x, xy) is an isomorphism. Since G is commutative, the pair of morphisms H × H → H
defined by (x, y) 7→ xy and (x, y) 7→ yx defines a morphism H ×H → H ×G H . Since H
is connected, the composition with the inverse of the isomorphism H ×N → H×GH and
the projection H × N → N is the constant morphism H × H → N defined by the unit
e ∈ N . Hence H is commutative.
Similarly, the morphism H → H defined by x 7→ xn induces the constant morphism
H → N defined by the unit e ∈ N .
3. If k is of characteristic 0, the morphism f : H → G is an isomorphism. Hence, we may
assume that k is of characteristic p > 0. Assume that G is a vector space. We show that
H is also isomorphic to a vector space by induction on the dimension of N as an Fp-vector
space. We may assume that N = Fp. By the isomorphism (2.1), H is the pull-back of
the Artin-Schreier extension 0 → Fp → Ga → Ga → 0 by a projection G → Ga and the
assertion follows. 
Proof of Proposition 2.1.6. (1)⇒(3): Since G is a subgroup of a vector space H , it is an Fp-
vector space and the image of the morphism [H ] : Hom(G,Fp)→ H
1(E,Fp) is a subgroup
of Ext(E,Fp). For any non-trivial character χ : G→ Fp, the extension χ∗H is connected
and its class is non-trivial.
(3)⇒(2): Since H is an extension of E by G, it is a group scheme over k. Let H◦ ⊂ H
be the connected component containing 0. If χ : G → Fp is a character trivial on the
intersection G◦ = G ∩H◦, then χ∗H is a trivial extension of E by Fp. Hence we obtain
χ = 0, G = G◦ and H = H◦.
(2)⇒(1): Since H is connected, by Lemma 2.1.7, H is isomorphic to a vector space and
is a central extension of E by the kernel N = Ker f . Further since H is connected, the
mapping G = Aut(H/E)→ N sending g to g(0) is an isomorphism of groups. Hence, G is
an Fp-vector space and the action of G on H is the same as the translation by N = G. 
Let k → k′ be a morphism of fields of characteristic p > 0 and let E and E ′ be a k-vector
space and a k′-vector space respectively. Let G′ → G be a morphism of finite groups and
H be a G-torsor over E and H ′ be a G′-torsor over E ′. Let E ′ → E be a morphism of
schemes induced by a k′-linear morphism E ′ → E ⊗k k
′ and
H ′ −−−→ E ′y y
H −−−→ E
be a commutative diagram of schemes compatible with G′ → G. Then, since the G-torsor
H ×E E
′ → E ′ is isomorphic to the direct image of the G′-torsor H ′ → E ′ by G′ → G, the
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diagram
(2.14)
Hom(G′,Fp)
[H′]
−−−→ H1(E ′,Fp)x x
Hom(G,Fp)
[H]
−−−→ H1(E,Fp)
is commutative.
Corollary 2.1.8. Let k → k′ be a morphism of fields of characteristic p > 0 and G′ → G
be an injection of finite p-groups. Let E (resp. E ′) be a k-vector space (resp. k′-vector
space) of finite dimension and H (resp. H ′) be a connected G-torsor (resp. connected
G′-torsor) over E (resp. over E ′). Let
(2.15)
H ′ −−−→ E ′y y
H −−−→ E
be a commutative diagram of schemes such that the left vertical arrow is compatible with
G′ → G and that the right vertical arrow is induced by a k′-linear mapping E ′ → E ⊗k k
′.
1. Assume that k is separably closed and that the morphism E ′ → E of schemes is
dominant. Then, the injection G′ → G is an isomorphism.
2. If the G-torsor H is additive, then the G′-torsor H ′ is also additive.
3. Assume that the k′-linear mapping E ′ → E ⊗k k
′ is a surjection and that H is
geometrically connected. Then G′ → G is an isomorphism. The G-torsor H is additive if
and only if the G′-torsor H ′ is additive.
Proof. 1. Let k¯′ be a separable closure of k′. By replacing k′, H ′ and G′ by k¯′, a connected
component of the base change H ′k′ and its stabilizer, we may assume that k
′ is also sep-
arably closed. Since H and H ′ are connected, the commutative diagram (2.15) induces a
commutative diagram
pi1(E
′, 0)pro-p −−−→ G
′y y
pi1(E, 0)pro-p −−−→ G
where the horizontal arrows are surjections. The left vertical arrow is also a surjection
by the assumption that k and k′ are separably closed and that E ′ → E is dominant by
Corollary 2.1.2.1. Hence G′ → G is also a surjection.
2. Since G is an Fp-vector space and since G
′ → G is an injection, G′ is also an Fp-
vector space. By the commutative diagram (2.14), if the image of [H ] is a subgroup of
E∨, the image of [H ′] is a subgroup of E ′∨. Since H ′ is connected, the morphism [H ′] is
an injection. Hence H ′ is additive by Proposition 2.1.6 (3)⇔(1).
3. We show that G′ → G is an isomorphism. Since H is geometrically connected, by
replacing k and k′ by algebraic closures, we may assume that k and k′ are algebraically
closed, similarly as in the beginning of the proof of 1. If E ′ → E ⊗k k
′ is surjective, the
composition E ′ → E ⊗k k
′ → E is also surjective and G′ → G is an isomorphism by 1.
Since the if part is proved in 2., it suffices to show the only if part. Since G′ is an
Fp-vector space and since G
′ → G is an isomorphism, G is also an Fp-vector space. In the
commutative diagram (2.14), the assumption implies that the vertical arrows are injections
and hence [H ] is an injection if [H ′] is an injection. By Corollary 2.1.2.2, the image of
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[H ] is a subgroup of E∨ if the image of [H ′] is a subgroup of E ′∨. Hence H is additive by
Proposition 2.1.6 (3)⇔(1). 
2.2. E´tale isogenies of smooth group schemes.
Lemma 2.2.1. Let S be a scheme and X and Y be finite e´tale schemes over S. Then, the
functor IsomS(X, Y ) sending a scheme T over S to the set IsomT (XT , YT ) of isomorphisms
XT → YT over T is representable by a finite e´tale scheme IsomS(X, Y ) over S.
Proof. The functor IsomS(X, Y ) is representable by a closed subscheme IsomS(X, Y ) of
the vector bundle associated to the locally free OS-module HomOS(OY ,OX).
We show that the scheme IsomS(X, Y ) is finite e´tale over S. Since the assertion is
e´tale local on S and since the sheaf IsomS(X, Y ) is e´tale locally constant, the assertion
follows. 
Lemma 2.2.2. Let X → Y be a finite e´tale morphism of schemes and let S be a normal
integral scheme over Y . Let K be the residue field of the generic point of S and let K ′ be
an extension of K. Then, the mapping
(2.16) MorY (S,X) −−−→ MorY (SpecK
′, X)
sending a morphism f : S → X over Y to the composition SpecK ′ → S → X is an
injection. The image of (2.16) is the subset defined by the condition that the image of the
induced morphism Spec (K ′ ⊗K K
′)→ X ×Y X is a subset of the diagonal X ⊂ X ×Y X.
Proof. By replacing X → Y by the base change X ×Y S → S, we may assume Y = S.
Since S is normal, the e´tale scheme X over S is also normal. Further replacing S by
SpecK, we may assume S = SpecK. Since K → K ′ is injective, the mapping (2.16) is an
injection.
Assume that the image of Spec (K ′ ⊗K K
′) → X ×Y X is a subset of the diagonal
X ⊂ X×Y X . By replacing X by the image of SpecK
′ → X and further K ′ by Γ(X,OX),
we may assume SpecK ′ = X . Then, the assumption means that the diagonalX → X×YX
is an isomorphism. Hence, the morphism X → Y is of degree 1 and is an isomorphism. 
Proposition 2.2.3. Let G be a smooth connected group scheme over a field k with the
group structure µ : G×G→ G and the unit e ∈ G(k).
Let f : H → G be an e´tale morphism of schemes over k. Let ν : H × H → H be a
morphism of schemes over k such that the diagram
(2.17)
H ×H
ν
−−−→ H
f×f
y yf
G×G
µ
−−−→ G
is commutative and let e′ be a k-valued point of N = H ×G e. We consider the following
conditions:
(1) The morphism ν : H ×H → H is a group structure and e′ ∈ H(k) is the unit.
(2) The morphism ν˜ : H×H → H×H defined by ν˜(x, y) = (ν(x, y), y) is an isomorphism
and ν(e′, e′) = e′.
Then, we have (1)⇒(2). If H is geometrically connected over k, we have (2)⇒(1).
Proof. The implication (1)⇒(2) is obvious. Assume that H is geometrically connected.
The inverse image of the diagonal G ⊂ G × G by the isomorphism µ˜ : G × G → G × G
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defined by µ˜(x, y) = (µ(x, y), y) is e×G. The condition (2) implies that the diagram
(2.18)
H ×H
ν˜
−−−→ H ×H
f×f
y yf×f
G×G
µ˜
−−−→ G×G
is cartesian. Hence the isomorphism ν˜ induces an isomorphism N ×H → H ×G H . This
induces an isomorphism from e′ × H to the diagonal H since ν(e′, e′) = e′ and H is
connected.
Since (2.17) is commutative, the pair of morphisms H × H × H → H defined by
ν(ν(x, y), z) and by ν(x, ν(y, z)) defines a morphism H ×H ×H → H ×G H . Since H is
geometrically connected, its composition with the projection H ×G H → N ×H → N is
constant. Since ν(e′, e′) = e′, its image is e′ and the morphism ν satisfies the associativity
law. Similarly, e′ satisfies the property of the unit element. Further the composition of
the morphisms
H
(e′,1H )
−−−−→ H ×H
ν˜−1
−−−→ H ×H
pr1−−−→ H
gives the inverse H → H . 
Proposition 2.2.4. Let G be a smooth geometrically connected group scheme over a field
k with the group structure µ : G × G → G and the unit e ∈ G(k). Let f : H → G be
an A-torsor for a finite group A and assume that H is geometrically connected over k.
Assume that N = f−1(e) has a k-rational point. Let ξ : SpecK → G and η : SpecL→ H
be the generic points. Let L′ be an extension of L and η′ : SpecL′ → H be the composition
with η.
Let µK : GK = G×Spec kSpecK → GK be the translation ·ξ by the generic point ξ defined
as the morphism induced by the composition µ ◦ (1G, ξ) : G×Spec k SpecK → G×G→ G.
Similarly for a morphism ν : H ×H → H, let νL′ : HL′ = H ×Spec k SpecL
′ → HL′ be the
morphism induced by the composition ν ◦ (1H , η
′) : H ×Spec k SpecL
′ → H ×H → H.
Let M be the set of group structures ν : H×H → H of schemes over k such that f : H →
G is a morphism of group schemes. Let M ′ be the set of isomorphisms ν ′ : HL′ → HL′ of
schemes over L′ such that the diagram
HL′
ν′
−−−→ HL′y y
GK
µK
−−−→ GK
is commutative. Then, the mapping M →M ′ sending ν to νL′ is a bijection.
To prove the proposition, it suffices to show the following.
Lemma 2.2.5. Let the notation be as in Proposition 2.2.4. Let M1 be the set of morphisms
ν : H ×H → H of schemes over k such that the diagram (2.18) is commutative and that
ν˜ : H ×H → H ×H defined by ν˜(x, y) = (ν(x, y), y) is an isomorphism.
1. The mapping M1 →M
′ sending ν to νL′ is canonically identified with the mapping
(2.19) IsomG×H(H ×H, (G×H)×G H)→ IsomGL′ (HL′, GL′ ×G H)
where the fiber products are taken with respect to µ ◦ (1G × f) : G × H → G and its
composition with GL′ → G×H.
2. The mapping (2.19) a bijection.
3. We have M = M1.
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Proof. 1. For ν : H ×H → H , in the commutative diagram
H ×G ←−−− H ×H
ν˜
−−−→ H ×H
pr1−−−→ Hy y y y
G×G ←−−− G×H
(µ◦(1G×f),pr2)−−−−−−−−−→ G×H
pr1−−−→ G,
the left and the right squares are cartesian. Hence M ′ is identified with the source of
(2.19). Since the diagram
(2.20)
HL′
νL′−−−→ HL′
1H×η
′
y y1H×η′
H ×H
ν˜
−−−→ H ×H
is cartesian, similarly the set M1 is identified with the target of (2.19).
2. Define a finite e´tale scheme µ∗H over G×G by the cartesian diagram
µ∗H −−−→ Hy y
G×G
µ
−−−→ G
and consider the scheme X = IsomG×G(H×G, µ
∗H) of isomorphisms. Then, the mapping
(2.19) is identified with the canonical mapping
(2.21) MorG×G(G×H,X)→ MorG×G(GL′ , X).
We show the bijectivity of (2.21) by applying Lemma 2.2.2. Let L′′ be the function field
of GL′. Then, by Lemma 2.2.2 applied to the morphisms
SpecL′′ Xy y
GL′ −−−→ G×H
1G×f
−−−→ G×G,
the source and the target of (2.21) are identified with subsets of MorG×G(SpecL
′′, X).
Hence the mapping (2.21) is an injection. Further, its image is the subset defined by the
following condition:
(1) The image of the induced morphism GL′×G×HGL′ = G×Spec (L
′⊗LL
′)→ X×G×GX
is contained in the diagonal X ⊂ X ×G×G X .
Since G is geometrically connected and since the diagonal X ⊂ X ×G×GX is an open and
closed subscheme, the condition (1) is equivalent to the following condition:
(1′) The image of e× Spec (L′ ⊗L L
′) ⊂ G× Spec (L′ ⊗L L
′)→ X ×G×G X is contained
in the diagonal X ⊂ X ×G×G X .
It suffices to show that the condition (1′) is satisfied for any morphism SpecL′ → X
over G×G. By Lemma 2.2.2 applied to the diagram
SpecL′ Xy y
H
(e,f)
−−−→ G×G,
the condition (1′) is equivalent to the condition:
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(2) The mapping
(2.22) MorG×G(H,X)→ MorG×G(SpecL
′, X)
is a bijection.
Since the diagrams
H ×G ←−−− N ×Hy y
G×G
(e,f)
←−−− H,
H ×G H −→ Hy y
H
(e,f)
−−−→ G×G
µ
−−−→ G
are cartesian, the condition (2) means the condition:
(2′) The mapping
(2.23) IsomH(N ×H,H ×G H)→ IsomL′(NL′ , H ×G SpecL
′)
is a bijection.
Since H is an A-torsor over G, the fiber product H ×G H is canonically identified with
A×H . Since N(k) ⊂ H(k) 6= ∅ and H is connected, the two sets in (2.23) are canonically
identified with the finite set Isom(N,A). Hence the mapping (2.19) a bijection.
3. By Proposition 2.2.3, it suffices to show that, for ν : H ×H → H in M1, there exists
a unique element e ∈ N such that ν(e, e) = e. Since such an e is the unit element with
respect to the group structure ν, it is unique.
We show the existence. Let a ∈ N and set ν(a, a) = b ∈ N . Then, there exists a
unique element σ ∈ A such that b = σ(a). Then, by Proposition 2.2.3, ν ′ = σ−1 ◦ ν
is a group structure and a is the unit. Since σ is a unique automorphism of H over G
sending a to b, we have σ(x) = ν ′(b, x). Define e ∈ N by ν ′(b, e) = a. Then, since
ν ′(ν ′(b, e), ν ′(b, e)) = ν ′(a, a) = a = ν ′(b, e), we obtain ν(e, e) = ν ′(b, ν ′(e, e)) = e.
3. Construction of functors
We recall the geometric construction on which the definition of ramification groups is
based in Section 3.3. A functorial construction of finite e´tale coverings of twisted normal
spaces is also recalled. This plays a fundamental role in the proof of Theorem 4.3.1.
As a preliminary for the construction in Section 3.3, we recall some basic properties of
dilatations in Section 3.1.
We prove in Proposition 3.4.5 in Section 3.4 that a finite covering of a twisted normal
space constructed in Section 3.3 satisfies a condition in the criterion (Proposition 2.2.4) to
be a morphism of group schemes. A crucial ingredient in the proof of Proposition 3.4.5 is
a descent property proved in Proposition 3.2.2 of e´taleness of finite morphism in Section
3.2.
3.1. Dilatations.
Definition 3.1.1. Let X be a scheme, D ⊂ X be an effective Cartier divisor and Y ⊂ X
be a closed subscheme. Let j : X D = U → X be the open immersion of the complement
and let ID, IY ⊂ OX denote the ideal sheaves defining D, Y ⊂ X. We define the dilatation
X [D·Y ] to be the scheme affine over X defined by the quasi-coherent sheaf of OX-subalgebra
of j∗OU generated by I
−1
D IY .
If X = SpecA and if Y and D are defined by an ideal I ⊂ A and a non-zero divisor
a ∈ A, we have X [D·Y ] = SpecA
[I
a
]
for the subring A
[I
a
]
⊂ A
[1
a
]
.
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The dilatations have the following functoriality. Let
(3.1)
D ×X X
′⊂ D′ ⊂X ′ ←−−− Y ′y fy y
D −−−→ X ←−−− Y
be a commutative diagram of schemes such that the horizontal arrows are closed immer-
sions and that D ⊂ X and D′ ⊂ X ′ are effective Cartier divisors. Then the pull-back
f ∗D = D ×X X
′ ⊂ X ′ is an effective Cartier divisor and the morphism f : X ′ → X is
uniquely lifted to a morphism X ′[D
′·Y ′] → X [D·Y ]. In particular, if D ×X Y is an effective
Cartier divisor of Y , the closed immersion Y → X is uniquely lifted to a closed immersion
Y → X [D·Y ].
Lemma 3.1.2. Assume that in the diagram (3.1), the divisor D′ equals the pull-back f ∗D.
1. Assume that the diagram (3.1) is cartesian and that f is flat. Then, the canonical
morphism X ′[D
′·Y ′] → X [D·Y ] ×X X
′ is an isomorphism.
2. Assume that the morphism f is smooth and that Y ′ → Y is an isomorphism. Then
the canonical morphism X ′[D
′·Y ′] → X [D·Y ] is also smooth and the induced morphism
X ′[D
′·Y ′] ×X′ D
′ → X [D·Y ] ×X D is the projection of a vector bundle.
Proof. 1. Let j : X D = U → X and j′ : X ′ D′ = U ′ → X ′ denote the open immersions
of the complements. Then, since f is flat andD′ = f ∗D, the canonical morphism j∗OU⊗OX
OX′ → j
′
∗OU ′ is an isomorphism and induces an isomorphism on the subalgebras.
2. Since the assertion is local on a neighborhood of Y ′, we may assume that X = SpecA
and X ′ = SpecA′ are affine and that there exists t1, . . . , tn ∈ A
′ such that X ′ → X ′0 =
AnX = SpecA[T1, . . . , Tn] defined by t1, . . . , tn is e´tale and the composition Y = Y
′ →
X ′ → X ′0 = A
n
X is the 0-section.
Assume that Y ⊂ X and D ⊂ X are defined by an ideal I ⊂ A and a non-zero
divisor a ∈ A. For X ′0 = A
n
X and the 0-section Y → A
n
X , we have an isomorphism
X
′[D′0·Y
′]
0 → A
n
X[D·Y ]
= SpecA
[I
a
][T1
a
, . . . ,
Tn
a
]
. Since X ′[D
′·Y ′] → X
′[D′0·Y
′]
0 ×X′0 X
′ is an
isomorphism by 1, the morphism X ′[D
′·Y ′] → X [D·Y ] is smooth.
The inverse images X ′[D
′·Y ′] ×X′ D
′ and X
′[D′0·Y
′]
0 ×X′0 D
′
0 are schemes over Y
′ and the
morphism X ′[D
′·Y ′] → X
′[D′0·Y
′]
0 induces an isomorphism on the inverse images of Y
′. Hence
the morphism X ′[D
′·Y ′] ×X′ D
′ → X
′[D′0·Y
′]
0 ×X′0 D
′
0 is an isomorphism and the scheme
X ′[D
′·Y ′] ×X′ D
′ is a vector bundle over X [D·Y ] ×X D. 
Proposition 3.1.3. Let X be a scheme and let D ⊂ X be a Cartier divisor. Let Y ⊂ X
be a closed subscheme and let Z = Y ×X D be the intersection.
1. The canonical morphism X [D·Z] → X [D·Y ] of dilatations is an isomorphism.
2. Assume that the immersion Y → X is a regular immersion and that Z ⊂ Y is a
Cartier divisor. Let TYX and TYX(−D) be the normal bundle and its twist by the Cartier
divisor D. Then, we have a cartesian diagram
(3.2)
TYX(−D)×Y Z −−−→ X
[D·Y ]y y
D −−−→ X.
GRADED QUOTIENTS OF RAMIFICATION GROUPSOF LOCAL FIELDS WITH IMPERFECT RESIDUE FIELDS35
Proof. 1. Since the assertion is local on X , we may assume that X = SpecA and Y and D
are defined by I ⊂ A and a ∈ A. Then, we have X [D·Z] = SpecA
[I + aA
a
]
= SpecA
[I
a
]
=
X [D·Y ].
2. The twisted normal bundle TYX(−D) is the affine scheme over Y defined by the
quasi-coherent OY -algebra
⊕∞
q=0 I
−q
D ⊗OX I
q
Y /I
q+1
Y . We show that the canonical morphism∑∞
q=0 I
−q
D I
q
Y⊗OXOD →
⊕∞
q=0(I
−q
D ⊗OXI
q
Y /I
q+1
Y ) induces an isomorphism
∑∞
q=0 I
−q
D I
q
Y⊗OX
OD →
⊕
∞
q=0(I
−q
D ⊗OX I
q
Y /I
q+1
Y )⊗OY OZ . Since the question is local on X , we may assume
that X = SpecA, the closed subscheme Y is defined by the ideal I ⊂ A generated
by a regular sequence t1, . . . , tn ∈ A and the divisor D is defined by a ∈ A such that
t1, . . . , tn, a remain to be a regular sequence. Then, the morphism A[T1, . . . , Tn]/(aTi − ti,
i = 1, . . . , n) → A
[1
a
]
induces an injection on the graded quotients and hence itself is an
injection. Thus we obtain an isomorphism A[T1, . . . , Tn]/(aTi − ti, i = 1, . . . , n)→ A
[I
a
]
and this induces an isomorphism A/(aA+ I)[T1, . . . , Tn]→ A
[I
a
]
/aA
[I
a
]
. 
Corollary 3.1.4. Let X be a scheme and let D ⊂ X be a Cartier divisor. Let Y, Y ′ ⊂ X
be closed subschemes such that the immersions are regular immersions. Assume that the
intersections Y ×X D and Y
′ ×X D are the same and are Cartier divisors of Y and of Y
′
respectively. We set Z = Y ×X D = Y
′ ×X D and identify X
[D·Y ] = X [D·Z] = X [D
′·Y ] and
TYX(−D)×Y Z = TZD(−D) = TY ′X(−D)×Y ′ Z.
Let u : TYX(−D)×Y Z → TY ′X(−D)×Y ′ Z be the composition of the isomorphisms
(3.3)
TYX(−D)×Y Z
≃
−−−→
(3.2)
X [D·Y ] ×X D= X
[D·Z] ×X D
= X [D·Y
′] ×X D
≃
←−−−
(3.2)
TY ′X(−D)×Y ′ Z
and s : Z → TYX(−D)×Y Z be the inverse image of the 0-section of TY ′X(−D)×Y ′ Z by
u. Then u is the composition of the translation +s : TYX(−D)×Y Z → TYX(−D)×Y Z
with the isomorphisms
(3.4) TYX(−D)×Y Z
≃
←−−− TZD(−D)
≃
−−−→ TY ′X(−D)×Y ′ Z.
Proof. Since the assertion is local on X , we may assume that X = SpecA is affine, Y =
SpecA/I, Y ′ = SpecA/I ′ and D = SpecA/aA. Then, the assumption Y ×XD = Y
′×XD
means the equality I + aA = I ′ + aA.
Since (I + aA)/(I + aA)2 = (NY/X ⊗OY OZ)⊕ (ND/X ⊗OD OZ) and the same equality
with I and Y replaced by I ′ and Y ′, the equality I+aA = I ′+aA induces an isomorphism
(NY/X ⊗OY OZ)⊕ (ND/X ⊗OD OZ)→ (NY ′/X ⊗OY ′ OZ)⊕ (ND/X ⊗OD OZ) of locally free
OZ-modules, preserving the subsheaf ND/X ⊗OD OZ but not necessarily the direct sum
decomposition. Hence the morphism u is the composition of (3.4) with the translation +s′
by a section s′ : Z → TY ′X(−D)×Y ′ Z. By comparing the composition with the 0-section
Z → TYX(−D)×Y Z, we obtain s
′ = s and the assertion follows. 
The naive functoriality above is generalized as follows.
Lemma 3.1.5. Let
(3.5)
X ′ ←−−− Y ′
f
y y
X ←−−− Y
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be a commutative diagram of schemes such that the horizontal arrows are closed immer-
sions. Let D ⊂ X and D′, D′1 ⊂ X
′ be effective Cartier divisors and q ≧ 1 be an integer
such that the defining ideals satisfy IYOX′ ⊂ ID′1IY ′ + I
q
Y ′ and ID′ · ID′1 + I
q
D′ ⊂ IDOX′.
Then, the morphism X ′ → X is uniquely lifted to X ′[D
′·Y ′] → X [D·Y ].
The naive functoriality corresponds to the case q = 1.
Proof. Since the assertion is local, we may assume that X = SpecA and X ′ = SpecB are
affine, that Y ⊂ X and Y ′ ⊂ X ′ are defined by ideals I ⊂ A and J ⊂ B and that D ⊂ X
and D′, D′1 ⊂ X
′ are defined by non-zero divisors a ∈ A and b, c ∈ B. By the assumption,
we have IB ⊂ cJ + Jq and a divides bc and bq. This implies that the image of
I
a
⊂ A
[1
a
]
in B
[1
b
]
is contained in
cJ
a
+
Jq
a
⊂
J
b
+
Jq
bq
⊂ B
[J
b
]
and the assertion follows. 
3.2. Normalizations. Let X be a reduced scheme, j : U → X be an immersion of normal
dense open subscheme and V → U be a finite e´tale morphism of normal schemes. Then,
the normalization Y of X in V is the scheme affine over X corresponding to the quasi-
coherent OX-algebra OY defined as the integral closure of OX in j∗OV . The formation of
normalizations is functorial as follows.
Lemma 3.2.1. Let
X ′
⊃
−−−→ U ′ ←−−− V ′
⊂
−−−→ Y ′y y y
X
⊃
−−−→ U ←−−− V
⊂
←−−− Y
be a cartesian diagram of schemes. Assume that X and X ′ are reduced, U and U ′ are
their normal dense open subschemes, the middle horizontal arrows are finite e´tale, and Y
and Y ′ are the normalizations of X and X ′ in V and V ′ respectively. Then, there exists a
unique morphism Y ′ → Y that makes a square in the right of the diagram commutative.
Proof. Let Z ⊂ Y ×X X
′ be the reduced closed subscheme such that the underlying set is
the closure of V ×U U
′ ⊂ Y ×X X
′. Then Y ′ equals the normalization of Z in the finite
e´tale scheme V ′ over V ×U U
′ and we obtain a morphism Y ′ → Z → Y ×X X
′ → Y . 
Proposition 3.2.2. ([2, Lemma 2.7], [15, Lemma 1.20]) Let OK be a discrete valuation
ring and η = SpecK ∈ S = SpecOK be the generic point. Let X be a smooth scheme over
S, let U ⊂ XK be a dense open subscheme and let V → U be a finite e´tale morphism. Let
Y be the normalization of X in V and let t : S → Y be a section such that t(η) ∈ V .
Let OK → OK ′ be a quasi-finite morphism of discrete valuation rings and let X
′ ⊃ U ′ ←
V ′ be the base change by S ′ = SpecOK ′ → S. Let Y
′ be the normalization of X ′ in V ′ and
let t′ : S ′ → Y ′ be the section induced by t.
Assume that Y ′ → X ′ is e´tale on a neighborhood of the image t′(S ′) ⊂ Y ′. Then,
Y → X is e´tale on a neighborhood of the image t(S) ⊂ Y .
Proposition 3.2.2 is a special case of [2, Lemma 2.7], [15, Lemma 1.20]. For the sake of
convenience, we give a proof.
Proof. By replacing S by its strict localization, we may assume that S and S ′ are strictly
local and that S ′ → S is finite. Let x, y, x′, y′ be the geometric points of X, Y,X ′, Y ′
defined as the images of the closed points by S → Y → X and S ′ → Y ′ → X ′ and we
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consider the commutative diagram
(3.6)
Y(y) ←−−− Y
′
(y′)y y
X(x) ←−−− X
′
(x′)= X(x) ×S S
′
of strict localizations. It suffices to prove that the finite morphism Y(y) → X(x) is an
isomorphism.
Let A denote the normalization of the fiber product Y(y) ×X(x) X
′
(x′) = Y(y) ×S S
′. Since
A is finite over the strictly local scheme X ′(x′) and since the degree of Y(y) over X(x) is the
same as the degree of A over X ′(x′), it suffices to show that A→ X
′
(x′) is an isomorphism.
Since t(η) is a point of V and V ′ = V ×S S
′, the inverse image of t(η) ⊂ Y(y) by
the finite morphism A → Y(y) of normal schemes equals t
′(η′) ⊂ A for the generic point
η′ ∈ S ′. Hence by the going down theorem, the inverse image of the closed point y ∈ Y(y)
by A → Y(y) consists of the unique point y
′. Since A is a disjoint union of finitely many
strictly local schemes and Y ′(y′) is one of its component, we have A = Y
′
(y′).
By the assumption that Y ′ → X ′ is e´tale on a neighborhood of y′ ∈ t′(S ′), the morphism
A = Y ′(y′) → X
′
(x′) of strictly local schemes is e´tale and hence is an isomorphism. Thus the
assertion follows. 
3.3. Construction of functors. We briefly recall the construction on which the defini-
tion of the filtration by ramification groups is based. The definition itself is recalled in
Section 4.1. Let K be a henselian discrete valuation field with residue field F . Let L be
a finite separable extension of K with residue field E. Let Q be a smooth scheme over
S = SpecOK and let T = SpecOL → Q be a closed immersion.
Let r > 0 be a rational number. Let K ′ be a finite extension of K of ramification index
e with residue field F ′ and set S ′ = SpecOK ′ . Assume that er > 0 is an integer. Let
Q
[er]
S′ = Q
[erQF ′ ·TS′ ]
S′ denote the dilatation of the base change QS′ = Q×S S
′ at TS′ = T ×S S
′
and the pull-back erQF ′ of the Cartier divisor SpecOK ′/m
er
K ′ ⊂ S
′. Since S ′ → S is
flat, the immersion TS′ → QS′ is a regular immersion and the conormal sheaf NTS′/QS′
is the pull-back of NT/S. Hence the reduced closed fiber (Q
[er]
S′ ×S SpecF
′)red denoted
abusively by Q
[er]
F ′ is canonically identified with the vector bundle over E
′ = (E ⊗F F
′)red
associated to the dual of the free E ′-module HomE′(m
er
K ′/m
er+1
K ′ ⊗F ′ E
′, NT/Q ⊗OL E
′) by
Proposition 3.1.3.2. If we assume that E is purely inseparable over F , then E ′ is also a
purely inseparable extension of F ′. In practice, we may and will later assume that this
condition be satisfied since we are interested in ramification.
Let Q
(er)
S′ → Q
[er]
S′ denote the normalization and let T¯S′ be the normalization of the
fiber product TS′ = T ×S S
′. By the functoriality of dilatations and normalizations, the
immersion T → Q defines a commutative diagram
(3.7)
T¯S′ −−−→ TS′y y
Q
(er)
S′ −−−→ Q
[er]
S′ .
By the reduced fiber theorem [6], there exists a finite separable extension K ′ such that
the geometric closed fiber Q
(er)
S′ ×S′ Spec F¯ is reduced. If K
′ is an extension of a Galois
closure of L over K, the normalization T¯S′ is a disjoint union of sections, parametrized by
morphisms L→ K ′ over K. For such extensions K ′, the construction of the normalization
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Q
(er)
S′ commutes with base change. Let K¯ be a separable closure and F¯ be the residue
field. Then, the geometric closed fiber
(3.8) Q
(r)
F¯
= Q
(er)
S′ ×S′ Spec F¯
is independent of such K ′ ⊂ K¯.
Let
(3.9) Q
(r)
F¯
→ Q
[r]
F¯
= (Q
[er]
S′ ×S′ Spec F¯ )red
denote the canonical morphism of the reduced closed fibers and TF¯ = (T ×S Spec F¯ )red =
Spec (E ⊗F F¯ )red, by abuse of notation. Since the formation of Q
[er]
S′ commutes with base
change by Lemma 3.1.2.1, Q
[r]
F¯
does not depend on S ′ either.
Let mr
K¯
⊃ mr+
K¯
denote {x ∈ K¯ | ordKx ≧ r} ⊃ {x ∈ K¯ | ordKx > r} and define a vector
bundle N
(r)
T/Q,F¯
over TF¯ by
(3.10) N
(r)
T/Q,F¯
= HomEF¯ ,red(m
r
K¯/m
r+
K¯
⊗F ′ EF¯ ,red, NT/Q ⊗OL EF¯ ,red)
∨.
The right hand side is defined as the spectrum of the symmetric algebra of the EF¯ ,red-
module with ∨ removed. If we fix a morphism i0 : L→ K¯, we define a connected compo-
nent
(3.11) N
(r)◦
T/Q,F¯
= HomEF¯ ,red(m
r
K¯/m
r+
K¯
, NT/Q ⊗OL F¯ )
∨ ⊂ N
(r)
T/Q,F¯
by the induced morphism i¯0 : E → F¯ .
By Proposition 3.1.3.2, we have a canonical isomorphism
(3.12) Q
[r]
F¯
→ N
(r)
T/Q,F¯
.
If we fix a morphism i0 : L → K¯, in the commutative diagram (3.7), the morphism i0
defines a section S ′ → T¯S′. This defines F¯ -points in Q
(r)
F¯
→ Q
[r]
F¯
. Let
(3.13) Q
(r)◦
F¯
→ Q
[r]◦
F¯
denote the connected components containing the points. The isomorphism (3.12) induces
an isomorphism Q
[r]◦
F¯
→ N
(r)◦
T/Q,F¯
. In the case where E is purely inseparable over F , we
have Q
[r]◦
F¯
= Q
[r]
F¯
, or equivalently N
(r)◦
T/Q,F¯
= N
(r)
T/Q,F¯
.
We give an explicit description in monogenic case.
Lemma 3.3.1. Let L be a wildly ramified finite Galois extension of K of degree n of Galois
group G and extend the normalized valuation ordK to L. Assume that OL is generated
by one element α over OK. Let f ∈ OK [X ] be the minimal polynomial of α and set
f =
∏n
i=1(X − αi) so that αn = α and ordK(αi − αn) is increasing. Define an ideal
I = (αn−1−αn) $ OL and let H = Ker(G→ Aut(OL/I)) ⊂ G be the smallest non-trivial
lower ramification group. Let E be the residue field of L.
1. The mapping H → I ⊗OL E sending σ ∈ H to σ(α) − α is an injection of abelian
groups.
2. Define a mapping β : H → E by β(σ) = (σ(α)−α)/(αn−1−αn). Then, the polynomial
b =
∏
σ∈H(Y − β(σ)) ∈ E[Y ] is an additive polynomial and we have an exact sequence
0 −−−→ H
β
−−−→ A1E
b
−−−→ A1E −−−→ 0.
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3. Set δ =
∏n−1
i=1 (αn − αi) = f
′(α), r = ordK δ + ordK(αn−1 − αn) ∈
1
n
Z, m =
Card (G H) and define
(3.14) c =
m∏
i=1
(αn − αi) · (αn−1 − αn)
CardH .
Then, we have ordK c = r.
4. Let T = SpecOL → Q = A
1
S = SpecOK [X ] be the immersion defined by α. Define
an isomorphism A1E → Q
[r] = N
(r)
T/Q,E by the basis
f
c
∈ N
(r)
T/Q,E = Hom(m
r
L/m
r+1
L , NT/Q ⊗OL E)
sending c to f . Then, there exist a connected component Q
(r)◦
E ⊂ Q
(r)
E , an isomorphism
A1E → Q
(r)◦
E and a commutative diagram
(3.15)
A1E −−−→ Q
(r)◦
E
b
y y
A1E
f/c
−−−→ Q
[r]
E .
Proof. 1. Since H acts trivially on I ⊗OL E, for σ, τ ∈ H , we have στ(α)− α− ((σ(α)−
α) + (τ(α)− α)) = σ(τ(α)− α)− (τ(α)− α) = 0 in I ⊗OL E.
2. Since αn−1 − αn is a basis of I ⊗OL E, the injection β : H → E is a morphism of
abelian groups by 1. Hence the assertion follows from Lemma 2.1.5.
3. For i = m+ 1, . . . , n− 1, we have ordK(αi − αn) = ordK(αn−1 − αn).
4. Define a morphism A1T = SpecOL[Y ] → Q = SpecOL[X ] by sending X to (αn−1 −
αn)Y +αn. Then since f((αn−1−αn)Y +αn) =
∏n
i=1((αn−1−αn)Y −(αi−αn)) is divisible by
c, by the universalities of dilatation and normalization, the morphism A1T → Q is uniquely
lifted to an morphism A1T → Q
(r).
Since the morphism A1T → Q
(r) of normal schemes is an isomorphism on the generic
fiber and the composition A1T → Q
[r] is quasi-finite, the morphism A1T → Q
(r) is an open
immersion. Since f/c ≡ b, the diagram (3.15) with ◦ omitted is commutative. Since the
morphism b : A1E → A
1
E is finite, the open immersion A
1
E → Q
(r)
E is an isomorphism to a
connected component. 
Since the normalization T¯S′ is a disjoint union of copies of S
′ indexed by morphisms
L → K ′ over K, if K ′ contains the conjugates of L, the closed fiber T¯F¯ is canonically
identified with the finite set MorK(L, K¯). Similarly, TF¯ is canonically identified with the
finite set MorF (E, F¯ ). The reduced geometric closed fibers of (3.7) define the commutative
diagram
(3.16)
MorK(L, K¯) = T¯F¯ −−−→ TF¯ = MorF (E, F¯ )y y
Q
(r)
F¯
−−−→ Q
[r]
F¯
.
The construction of (3.16) satisfies the following functoriality.
Proposition 3.3.2. Let OK → OK ′ be a morphism of henselian discrete valuation rings
of ramification index e. Let L and L′ be finite separable extensions of K and K ′ and let
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L → L′ be a morphism compatible with K → K ′. Fix a morphism K¯ → K¯ ′ of separable
closures compatible with K → K ′. Let
(3.17)
Q′ ←−−− T ′= SpecOL′y y
Q ←−−− T = SpecOL
be a commutative diagram of schemes such that Q and Q′ are smooth schemes over S =
SpecOK and S
′ = SpecOK ′, that the horizontal arrows are closed immersions and that
the vertical arrows are compatible with S ′ → S. Let r > 1 and r′ > 1 be rational numbers.
1. Let r′ = er. Then, the diagram (3.17) defines a commutative diagram
(3.18)
T¯ ′
F¯ ′
−−−→ Q
′(r′)
F¯ ′
−−−→ Q
′[r′]
F¯ ′
−−−→ T ′
F¯ ′y y y y
T¯F¯ −−−→ Q
(r)
F¯
−−−→ Q
[r]
F¯
−−−→ TF¯
of schemes compatible with the induced morphism F¯ → F¯ ′ of residue fields of K¯ and K¯ ′.
2. Assume that S ′ = S, T ′ = T , r = r′ and that Q′ → Q is smooth. Then the middle
square in (3.18) is cartesian and the middle right vertical arrow is a surjection of vector
bundles over TF¯ .
3. Assume that the discrete valuation rings OK and OK ′ are essentially of finite type
over a discrete valuation ring OK0 with perfect residue field k and that there exist integers
m ≧ 0 and q ≧ 2 satisfying the condition (2) in Proposition 1.2.10 such that r ≧
m
e
q
q − 1
and r′ = er−m ≧
m
q − 1
. Assume further that (3.17) is induced by an essentially cartesian
diagram
(3.19)
Q′0 ←−−− T
′y y
Q0 ←−−− T
of essential immersions. Then, the diagram (3.17) defines a commutative diagram (3.18)
compatible with the induced morphism F¯ → F¯ ′ of residue fields of K¯ and K¯ ′ as in 1.
Proof. 1. Let
S ′1 −−−→ S
′y y
S1 −−−→ S
be a commutative diagram of spectra of henselian discrete valuation rings such that the
horizontal arrows are finite of ramification indices e1 and e
′
1. Assume that e1r and e
′
1r
′ are
integers. Then, by the naive functoriality of dilatations, the morphism Q′ → Q is lifted to
a morphism Q
′[e′1r
′]
S′1
→ Q
[e1r]
S1
. This induces a morphism Q
′(e′1r
′)
S′1
→ Q
(e1r)
S1
of normalizations
and the assertion follows.
2. By Lemma 1.2.1.3, if Q′ → Q is smooth, we may assume that there is an e´tale
morphism Q′ → Q′0 = A
n
Q such that the composition T → Q
′ → AnQ is the 0-section.
Then, in the notation of the proof of 1., we have an isomorphism Q
′(e1r)
S1
→ An
Q
(e1r)
S1
×Q′0 Q
′
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inducing isomorphisms Q
′(r)
F¯
→ Q
′(r)
0,F¯
and Q
′[r]
F¯
→ Q
′[r]
0,F¯
by Lemma 3.1.2.2. Hence the
assertion follows.
3. Let IT ⊂ OQ and IT ′ ⊂ OQ′ be the ideals defining the closed subschemes T ⊂ Q
and T ′ ⊂ Q′. Then, by Proposition 1.2.10, we have ITOQ′ ⊂ m
m
K ′IT ′ + I
q
T ′ . Hence by the
generalized functoriality Lemma 3.1.5 of dilatations, the assertion follows as in 1. 
Since the left vertical arrow in (3.16) is induced by the immersion T → Q, its compo-
sition with (3.12) is the 0-section TF¯ → N
(r)
T/Q,F¯
of the vector bundle. The surjectivity of
the mappings ϕD+x¯ : Y¯x¯ → F
D+
x¯ (Y/X) → F
D
x¯ (Y/X) in [16, Proposition 3.1.2 (1)] means
exactly that the mappings
(3.20) T¯F¯ → Q
(r)
F¯
×
Q
[r]
F¯
TF¯ → pi0(Q
(r)
F¯
)
defined by the diagram (3.16) are surjections. This fact is a consequence of the going down
theorem.
Corollary 3.3.3. There exist surjections
(3.21) T¯F¯ → F
r+(L)→ F r(L)
of finite sets satisfying the following property: Let T → Q be an immersion to a smooth
scheme over S. Then, there exists a commutative diagram
(3.22) T¯F¯ //
$$■
■■
■■
■■
■■
■■
■
Q
(r)
F¯
×
Q
[r]
F¯
TF¯ //

pi0(Q
(r)
F¯
)

F r+(L) // F r(L)
such that the vertical arrows are bijections.
Proof. Let T → Q and T → Q′ be immersions to smooth schemes over S. Then by
Proposition 3.3.2.2, the smooth projections Q ×S Q
′ → Q and Q ×S Q
′ → Q′ induces
bijections of the finite sets compatible with the surjections from T¯F¯ . Hence the assertion
follows. 
By Proposition 3.3.2.1, the constructions of F r(L) and F r+(L) are functorial in L.
Definition 3.3.4. Let
(3.23) F : (Finite separable extensions of K)→ (Finite GK-sets)
denote the fiber functor defined by F (L) = T¯F¯ . Let r > 0 be a rational number.
1. We define functors
(3.24) F r, F r+ : (Finite separable extensions of K)→ (Finite GK-sets)
sending L to F r(L) and F r+(L) and surjective morphisms
(3.25) F → F r+ → F r
of functors as in Corollary 3.3.3.
2. Let L be a finite separable extension of K. We say that the ramification is bounded
by r (resp. by r+) if the mapping F (L)→ F r(L) (resp. F (L)→ F r+(L)) is a bijection.
We identify F 1(L) = TF¯ by [1, Proposition 3.7], [16, Proposition 3.3.5]. If L is a fi-
nite Galois extension, the Galois group G = Gal(L/K) acts on the finite GK-set F (L) =
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MorK(L, K¯) and its quotients F
r(L) and F r+(L) by the functoriality. This action com-
mutes with the GK-action. IfM is a subextension of L and if we fix L→ K¯, the GK-action
factors through the quotient G.
The functor F has the following functoriality. Let OK → OK ′ be a morphism of
henselian discrete valuation field of ramification index e and fix a morphism K¯ → K¯ ′
of separable closures. Let F ′ denote the functor F for finite separable extensions of K ′
and let L → L′ be a morphism of finite separable extensions of K and of K ′. Then, for
rational numbers r > 0 and r′ = er or r′ = er − m > 0 as in Proposition 3.3.2, the
commutative diagram (3.18) defines a commutative diagram
(3.26)
F ′(L′) −−−→ F ′r
′+(L′) −−−→ F ′r
′
(L′)y y y
F (L) −−−→ F r+(L) −−−→ F r(L).
Lemma 3.3.5. Let OK → OK ′ be a morphism of henselian discrete valuation rings of
ramification index e ≧ 1. Let r > 0 and r′ > 0 be rational numbers as in Proposition 3.3.2
satisfying one of the following conditions (1) and (2):
(1) r′ = er.
(2) The discrete valuation rings OK and OK ′ are essentially of finite type over a discrete
valuation ring OK0 with perfect residue field k. There exist integers m ≧ 0 and q ≧ 2
satisfies the condition (1) in Proposition 1.2.10 such that r ≧
m
e
q
q − 1
and r′ = er −m ≧
m
q − 1
.
Let L → L′ be a morphism of finite separable extensions of K and of K ′. If the ram-
ification of L is bounded by r (resp. r+), then ramification of L′ is bounded by r′ (resp.
r′+).
Proof. In the commutative diagram (3.26), if the ramification of L over K is bounded
by r (resp. by r+), then the composition of lower horizontal arrows (resp. the lower left
horizontal arrow) is a bijection. Since the left verticl arrow is an injection, the composition
of upper horizontal arrows (resp. the upper left horizontal arrow) is an injection and the
ramification of L′ over K ′ is bounded by r′ (resp. by r′+). 
Proposition 3.3.6. ([1], [16]) Let K be a henselian discrete valuation field and L be a
finite separable extension. Let
(3.27)
Q ←−−− T = SpecOLy y
P ←−−− S = SpecOK
be a cartesian diagram of schemes over S where the horizontal arrows are closed immer-
sions to smooth schemes over S and the vertical arrows are quasi-finite and flat. Let r > 0
be a rational number and let K ′ be a finite separable extension of ramification index e of
K such that er is an integer and that the morphism Q
(er)
S′ → S
′ = SpecOK ′ has reduced
geometric fibers.
1. The following conditions are equivalent:
(1) The ramification of L over K is bounded by r+.
(2) The ramification of L over K is bounded by s for every rational number s > r.
If r > 1, these conditions are further equivalent to the following condition.
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(3) The finite morphism Q
(r)
F¯
→ Q
[r]
F¯
is e´tale.
(4) The quasi-finite morphism Q
(er)
S′ → P
(er)
S′ is e´tale on neighborhood of the closed fibers.
2. The following conditions are equivalent:
(1) The ramification of L over K is bounded by r.
(2) The finite morphism Q
(r)
F¯
→ Q
[r]
F¯
is a split e´tale covering.
(3) The finite morphism Q
(r)
F¯
→ P
(r)
F¯
is a split e´tale covering.
Proof. 1. The implication (1)⇒(2) is [16, Lemma 3.1.6]. The implication (2)⇒(1) is [16,
Theorem 3.2.6].
If (3) is satisfied, the diagram (3.16) is cartesian and (1) is satisfied. The implication
(1)⇒(4) is [16, Proposition 3.2.10]. We show (4)⇒(3). For an immersion T → Q to a
smooth scheme over S, there exists a cartesian diagram (3.27) by Lemma 1.2.1.1. By the
reduced fiber theorem [6], there exists a finite separable extension K ′ of ramification index
e such that er is an integer and that the morphism Q
(er)
S′ → S
′ = SpecOK ′ has reduced
geometric fibers. Since the diagram (3.27) is cartesian, the finite morphism Q
[r]
F¯
→ P
[r]
F¯
=
P
(r)
F¯
is e´tale. Hence by taking the geometric closed fiber of Q
(er)
S′ → P
(er)
S′ , we obtain (3)
from (4). The implication (2)⇒(3) is also proved in [1, Theorem 7.2].
2. We show that (2) and (3) are equivalent to each other. As in the proof of 1 (4)⇒(3),
there exists a cartesian diagram (3.27). Since Q → P is flat, the finite morphism Q
[r]
F¯
→
P
[r]
F¯
is a split e´tale covering. Hence the conditions (2) and (3) are equivalent to each other.
We show that (1) and (3) are equivalent to each other. As in the proof of 1 (4)⇒(3),
we have a cartesian diagram (3.27) and a finite separable extension K ′ loc. cit. Since
the assertion is e´tale local, we may assume that the morphism Q → P is finite. Hence
Q
(er)
S′ → P
(er)
S′ is a finite morphism of degree [L : K] and the conditions (1) and (3) are
equivalent to each other. 
For a rational number r > 0, let
(3.28) Θ
(r)
L/K,F¯
= HomEF¯ ,red(m
r
K¯/m
r+
K¯
⊗F¯ EF¯ ,red,Tor
OL
1 (Ω
1
OL/OK
, EF¯ ,red))
∨
denote the vector bundle over TF¯ . If we fix a morphism i0 : L→ K¯, we define a connected
component
(3.29) Θ
(r)◦
L/K,F¯
= HomF¯ (m
r
K¯/m
r+
K¯
,TorOL1 (Ω
1
OL/OK
, F¯ ))∨ ⊂ Θ
(r)
L/K,F¯
where Tor is defined with respect to the morphism OL → F¯ induced by i0 : L→ K¯. If E
is a purely inseparable extension of F , we have Θ
(r)◦
L/K,F¯
= Θ
(r)
L/K,F¯
.
The canonical injection TorOL1 (Ω
1
OL/OK
, E)→ NT/Q ⊗OL E (1.42) induces a surjection
(3.30) N
(r)
T/Q,F¯
→ Θ
(r)
L/K,F¯
of vector bundles on TF¯ . If T → Q is minimal, by Lemma 1.3.1.2, the morphism (3.30) is
an isomorphism.
Lemma 3.3.7. Let r > 1 and assume that the ramification of L over K is bounded by
r+. There exists a finite e´tale morphism
(3.31) X
(r)
L/K −−−→ Θ
(r)
L/K,F¯
endowed with a bijection of finite sets T¯F¯ → X
(r)
L/K,F¯
×
Θ
(r)
L/K,F¯
TF¯ satisfying the following
property: Let T = SpecOL → Q be an immersion to smooth schemes Q over S = SpecOK.
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Then, there exists a commutative diagram
(3.32) T¯F¯ //
!!❈
❈❈
❈❈
❈❈
❈❈
Q
(r)
F¯
//

Q
[r]
F¯

X
(r)
L/K,F¯
// Θ
(r)
L/K,F¯
such that the square is cartesian and that the right vertical arrow is the composition of
Q
[r]
F¯
→ N
(r)
T/Q,F¯
(3.12) and N
(r)
T/Q,F¯
→ Θ
(r)
L/K,F¯
(3.30).
Proof. If T → Q is minimal, the morphism N
(r)
T/Q,F¯
→ Θ
(r)
L/K,F¯
(3.30) is an isomorphism and
the condition requires that the vertical arrow Q
(r)
F¯
→ X
(r)
L/K,F¯
in (3.32) is an isomorphism.
Let T → Q0 be a minimal immersion to a smooth scheme over S and set Q
(r)
0,F¯
= X
(r)
L/K,F¯
.
Then by Lemma 1.2.1.2 and Lemma 1.2.3.2, after replacing Q by an e´tale neighborhood
of T , there is a smooth morphism Q → Q0 compatible with the immersions of T . Hence
we obtain a required commutative diagram (3.32) with cartesian square. 
Since a morphism of connected finite e´tale schemes is uniquely determined on the in-
duced mapping on the fibers of a point, the finite e´tale scheme X
(r)
L/K,F¯
→ Θ
(r)
L/K,F¯
(3.31)
is characterized uniquely up to a unique isomorphism by the property in Lemma 3.3.7. If
we fix a morphism i0 : L→ K¯, similarly as Q
(r)◦
F¯
→ Q
[r]◦
F¯
, we define connected components
(3.33) X
(r)◦
L/K,F¯
→ Θ
(r)◦
L/K,F¯
.
Since the construction of X
(r)
L/K,F¯
is functorial in L, by sending L to (3.31), we obtain a
functor
(Finite separable extensions of K of ramification bounded by r+)(3.34)
→ (Finite e´tale morphism of smooth schemes over F¯ ).
We identify F r(L) = pi0(X
(r)
L/K,F¯
) and F (L) = F r+(L) = X
(r)
L/K,F¯
×
Θ
(r)
L/K,F¯
TF¯ .
Assume that L is a Galois extension. Then the Galois group G has a natural action on
X
(r)
L/K → Θ
(r)
L/K,F¯
(3.31). By the injection TorOL1 (Ω
1
T/S, E) → H1(LE/S) (1.36), the inertia
subgroup I ⊂ G acts trivially on TorOL1 (Ω
1
T/S , E) and hence on Θ
(r)
L/K,F¯
.
Let OK → OK ′ be a morphism of henselian discrete valuation rings of ramification index
eK ′/K = e ≧ 1. Let r > 1 be a rational number and set r
′ = er or r′ = er −m > 1 as in
Lemma 3.3.5. Let L → L′ be a morphism of finite separable extension of K and of K ′.
Assume that the ramification of L over K is bounded by r+ and and that the ramification
of L′ over K ′ is by r′+. Then, the commutative diagram (3.18) gives a commutative
diagram
(3.35)
X
(r′)
L′/K ′,F¯ ′
−−−→ Θ
(r′)
L′/K ′,F¯ ′y y
X
(r)
L/K,F¯
−−−→ Θ
(r)
L/K,F¯
.
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3.4. Construction of an automorphism. Let Q be a scheme and T, T ′ ⊂ Q be closed
subschemes. For a point t ∈ Q and an integer n ≧ 0, we say that T ≡ T ′ mod mnt , if for the
morphism Qn = SpecOQ,t/m
n
t → Q of schemes, we have an equality T ×QQn = T
′×QQn
of closed subschemes of Qn.
Lemma 3.4.1. Let K be a henselian discrete valuation field and L and L′ be finite sep-
arable extensions. Let Q be a smooth scheme over S = SpecOK and T = SpecOL → Q
and T ′ = SpecOL′ → Q be closed immersions. Let n ≧ 2 be an integer and assume
T ≡ T ′ mod mnt for the closed point t ∈ T ⊂ Q. Let QF = Q×S SpecF ⊂ Q be the closed
fiber and let Q[n] = Q[nQF ·T ] and Q[n]′ = Q[nQF ·T
′] denote the dilations.
1. The canonical isomorphism (1.25) induces isomorphisms
NT/Q ⊗OT E →Ker(mQ,t/m
2
Q,t → mT,t/m
2
T,t)
= Ker(mQ,t/m
2
Q,t → mT ′,t/m
2
T ′,t)← NT ′/Q ⊗OT ′ E.(3.36)
2. We have an equality of dilatations Q[n] = Q[n]′.
3. Let s : TF¯ = Spec (E⊗F F¯ )red → N
(n)
T/Q,F¯
denote the section of the vector bundle defined
by the morphism T ′ → Q[n]′ = Q[n] lifting T ′ → Q and the isomorphism Q
[n]
F → N
(n)
T/Q,F
(3.12). Let +s : N
(n)
T/Q,F → N
(n)
T/Q,F denote the translation by s and let
(3.37) u : N
(n)
T/Q,F → N
(n)
T ′/Q,F .
be the isomorphism induced by (3.36). Then, the diagram
(3.38)
Q
[n]
F
(3.12)
−−−−→ N
(n)
T/Q,F∥∥∥ yu◦+s
Q
[n]′
F
(3.12)
−−−−→ N
(n)
T ′/Q,F
is commutative.
Proof. 1. The arrows in (3.36) are the isomorphisms in Lemma 1.2.4.1. By the assumption
that SpecOL/m
n
L = SpecOL′/m
n
L′ and n ≧ 2, we have the equality in (3.36).
2. Also by SpecOL/m
n
L = SpecOL′/m
n
L′ and n ≧ 2, we have Q
[n] = Q[n]′ by Proposition
3.1.3.1.
3. This follows from Corollary 3.1.4. 
Lemma 3.4.2. Let K be a henselian discrete valuation field and L and L′ be finite sep-
arable extensions. Let Q be a smooth scheme over S = SpecOK and T = SpecOL → Q
and T ′ = SpecOL′ → Q be closed immersions. Let n ≧ 2 be an integer such that
T ≡ T ′ mod mnt for the closed point t ∈ T ⊂ Q. Let Q
[n] = Q[nQF ·T ] and Q[n]′ = Q[nQF ·T
′]
be the dilations and u : N
(n)
T/Q,F → N
(n)
T ′/Q,F be the isomorphism (3.37) as in Lemma 3.4.1.
Let f : T ′ → T be a morphism over S inducing the identity on the residue field E.
Then, there exist an e´tale neighborhood Q′ → Q of T ′ and a morphism f˜ : Q′ → Q lifting
f : T ′ → T such that under the identification Q
′[n]
F = Q
′[nQ′F ·T
′] = Q
[n]′
F induced by the e´tale
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morphism Q′ → Q, the diagram
(3.39)
Q
[n]′
F
(3.12)
−−−−→ N
(n)
T ′/Q,F
f˜
y yu−1
Q
[n]
F
(3.12)
−−−−→ N
(n)
T/Q,F
is commutative.
The commutative diagrams (3.38) and (3.39) define a commutative diagram
(3.40)
Q
(n)
F¯
−−−→ N
(n)
T/Q,F¯y y+s
Q
(n)
F¯
−−−→ N
(n)
T/Q,F¯
.
Further if f : T ′ → T is an isomorphism, the left vertical arrow is an isomorphism and
the diagram (3.40) is cartesian.
Proof. Let D ⊂ Q be a regular effective Cartier divisor meeting T transversally at the
closed point t = SpecE. Since T ≡ T ′ mod m2t , the divisor D meets T
′ also transversally
at t. Since f : T ′ → T induces the identity on t = SpecE = T ∩ D → T ′ ∩ D, the
morphism f and the identity 1D are extended to a morphism f˜1 : T
′∪D → T ∪D of closed
subschemes of Q. Since Q is smooth over S, there exists an e´tale neighborhood Q′ → Q
of t and a morphism f˜ : Q′ → Q lifting f˜1.
We show the commutativity of the square (3.39). We identify mQ,t/m
2
Q,t = mQ′,t/m
2
Q′,t
and mT,t/m
2
T,t = mT ′,t/m
2
T ′,t. Then by (3.36), it suffices to show that f˜ : Q
′ → Q induces
the identity on Ker(mQ,t/m
2
Q,t → mT,t/m
2
T,t). This follows from the isomorphism (1.26)
and the fact that f˜1 induces the identity on D and hence on Nt/D.
Combining (3.38) and (3.39) together with the functoriality of (3.9), we obtain a com-
mutative diagram
Q
(n)
F¯
(3.9)
−−−→ Q
[n]
F¯
(3.12)
−−−−→ N
(n)
T/Q,F¯∥∥∥ ∥∥∥ yu◦+s
Q
′(n)
F¯
(3.9)
−−−→ Q
′[n]
F¯
(3.12)
−−−−→ N
(n)
T ′/Q,F¯
f˜
y f˜y yu−1
Q
(n)
F¯
(3.9)
−−−→ Q
[n]
F¯
(3.12)
−−−−→ N
(n)
T/Q,F¯
.
Thus, we obtain (3.40).
By the assumption that T meetsD transversally at t, the canonical morphismmQ,t/m
2
Q,t →
mT,t/m
2
T,t×mD,t/m
2
D,t is an isomorphism. Similarly, mQ′,t/m
2
Q′,t → mT ′,t/m
2
T ′,t×mD,t/m
2
D,t
is an isomorphism. Hence if f : T ′ → T is an isomorphism, then f˜ : Q′ → Q is e´tale. This
implies that the left vertical arrow of (3.40) is an isomorphism and the diagram itself is
cartesian. 
Let f, g : S = SpecA → X be morphisms of schemes and I ⊂ A be an ideal. If the
restrictions of f and g to the closed subscheme SpecA/I ⊂ S are the same, we write
f ≡ g mod I.
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Lemma 3.4.3. Let K be a henselian discrete valuation field and let L be a finite separable
extension of K. Let
(3.41)
Q ←−−− T= SpecOLy y
P
i
←−−− S= SpecOK
be a cartesian diagram of separated schemes over S such that the horizontal arrows are
closed immersions to smooth schemes over S and that the vertical arrows are finite and
flat. Let t ∈ T ⊂ Q be the closed point and let n ≧ 2 be an integer.
1. Let i′ : S → P be a closed immersion over S such that i′ ≡ i mod mnK . Let T
′ = Q×PS
be the fiber product with respect to i′ : S → P and set T ′ = SpecA.
Then, we have T ≡ T ′ mod mnt and A is a discrete valuation ring.
2. Let P [n] = P [nPF ·S] denote the dilatation and let S1 = SpecOK1 → P
[n] be the
henselization at the generic point ξ of the closed fiber P
[n]
F = P
[n]×SSpecF . Let i1, i
′
1 : S1 →
P1 = P×SS1 be the sections induced by the compositions S1 → S
i
→ P and by S1 → P
[n] →
P respectively and consider the cartesian diagram
(3.42)
T1 −−−→ Q1 = Q×S S1 ←−−− T
′
1y y y
S1
i1−−−→ P1 = P ×S S1
i′1←−−− S1.
Let t1 ∈ T1 ⊂ Q1 denote the closed point.
Then, OK1 is a discrete valuation ring and the residue field F1 = k(ξ) is a purely
transcendental extension of F . We have i1 ≡ i
′
1 mod m
n
K1
and T1 ≡ T
′
1 mod m
n
t1 and the
schemes T1 and T
′
1 are spectrums of discrete valuation rings.
Proof. 1. We consider S as a closed subscheme of P by the section i and let s ∈ S ⊂ P be
the closed point. Let S ′ ⊂ P denote the closed subscheme defined by the section i′ : S → P .
Then, since i ≡ i′ mod mnK , we have S ≡ S
′ mod mns . Hence we have T ≡ T
′ mod mnt .
By T ≡ T ′ mod mnt , the maximal ideal of A/m
n
A is generated by one element. Since
n ≧ 2, by Nakayama’s lemma, mA is generated by one element. Since A is finite flat over
OK , we have dimA = 1 and hence A is a discrete valuation ring.
2. By Lemma 3.1.2.2, P [n] is smooth over S and the closed fiber P
[n]
F is a vector space
over F . Hence OK1 is a discrete valuation ring and the residue field F1 = k(ξ) is a purely
transcendental extension of F . By the definition of dilatations, the morphism P [n] → P
is congruent to the composition P [n] → P → S
i
→ P modulo the pull-back of mnK . Hence,
we have i1 ≡ i
′
1 mod m
n
K1
.
The fiber product T1 = Q1 ×P1 S1 is equal to T ×S S1 with respect to the composition
S1 → P
[n] → P → S. Since P [n] → S is smooth and the residue field F1 = k(ξ) is a purely
transcendental extension of F , we have T1 = T ×S S1 = SpecOL1 for a discrete valuation
ring OL1 . By 1. applied to i1 ≡ i
′
1 mod m
n
K1
, we have T1 ≡ T
′
1 mod m
n
t1 and T
′
1 = SpecOL′1
for a discrete valuation ring OL′1 . 
Lemma 3.4.4. Let K be a henselian discrete valuation field and let L be a finite separable
extension of K. Let n ≧ 2 be an integer and cartesian diagrams (3.41) and (3.42) be as in
Lemma 3.4.3. Assume that the ramification of L over K is bounded by n+.
1. There exists an open neighborhood W ⊂ P [n] of the closed fiber P
[n]
F ⊂ P
[n] such that
on the generic fiber WK = W ×S SpecK, the base change QWK = Q ×P WK → WK is
e´tale.
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2. There exists a finite separable extension L′1 of K1 such that T
′
1 = SpecOL′1.
3. Let TWK = T ×S WK and define a cartesian diagram
(3.43)
A ←−−− AK = IsomWK (QWK , TWK)y y
W ←−−− WK
by letting A denote the normalization of W in AK . Let A
e´t ⊂ A denote the largest open
subscheme e´tale over W .
Then, the intersection Im(Ae´t →W )∩P
[n]
F is dense in the closed fiber P
[n]
F . Further, the
universal isomorphism Q×P AK → T ×S AK is extended to an isomorphism Q×P A
e´t →
T ×S A
e´t.
Proof. 1. By the reduced fiber theorem [6], there exists a finite separable extension K ′ of
ramification index e such that the morphism Q
(en)
S′ → S
′ = SpecOK ′ has reduced geometric
fibers. By the assumption that the ramification of L over K is bounded by n+ and by
Proposition 3.3.6 (1)⇒(4), the finite morphism Q
(en)
S′ → P
[en]
S′ is e´tale on a neighborhood
W ′ of the closed fiber P
[en]
F ′ . Since S
′ → S is faithfully flat, the image W ⊂ P [n] of W ′
satisfies the required condition.
2. Let i1 : S1 → P1 = P ×S S1 denote the section induced by S1 → S
i
→ P and let
i′1 : S1 → P1 denote the section induced by S1 → P
[n] → P as in Lemma 3.4.3. Then,
by Lemma 3.4.3.2, we have T ′ = SpecOL′1 for a finite morphism OK1 → OL′1 of discrete
valuation rings.
Since ξ ∈ P
[n]
F ⊂W , the canonical morphism S1 → P
[n] factors through S1 →W . Since
SpecL′1 = QWK ×WK SpecK1, the finite extension L
′
1 of K1 is separable.
3. We apply Proposition 3.2.2 to W ⊃ WK ← AK . Similarly as in the proof of 2.,
the lifting S → P [n] of i : S → P factors through S → W . The cartesian diagram (3.41)
induces an isomorphism QWK ×WK SpecK → TWK ×WK SpecK. This define a section of
the finite e´tale scheme AK → WK at the point SpecK ⊂ S → P
[n]. By the universality of
the normalization, the section SpecK → AK is extended to a section S → A.
Let S ′ be as in the proof of 1. Changing W ′ if necessary, we may assume that the finite
morphism Q
(en)
S′ → P
[en]
S′ is e´tale on W
′ = W ×S S
′. We may further assume that K ′
contains a Galois closure of L. Then the normalization T¯S′ → S
′ of T ×S S
′ is a split finite
e´tale covering. Hence A′ = IsomW ′(Q
(en)
S′ ×P (en)
S′
W ′, T¯S′ ×S′ W
′) is a finite e´tale scheme
over W ′. Since A′ → S ′ is the normalization of W ′ ⊂ P [n]×S S
′ in AK×WK W
′
K ′, it follows
that Ae´t is an open neighborhood of the section S → W by Proposition 3.2.2. Since P
[n]
F
is irreducible, the non-empty intersection Im(Ae´t → W ) ∩ P
[n]
F is dense.
Since Ae´t →W is e´tale, Q×P A
e´t and T ×SA
e´t are the normalizations of Ae´t in Q×P AK
and T ×S AK . Hence the universal isomorphism Q×P AK → T ×S AK is extended to an
isomorphism Q×P A
e´t → T ×S A
e´t. 
We prepare a crucial construction in the proof of additivity Theorem 4.3.3.
Proposition 3.4.5. Let K be a henselian discrete valuation field and let L be a finite
separable extension of K. Let
(3.44)
Q ←−−− T= SpecOLy y
P
i
←−−− S= SpecOK
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be a cartesian diagram of schemes over S such that the horizontal arrows are closed im-
mersions to smooth schemes over S and that the vertical arrows are finite and flat. Let
n ≧ 2 be an integer such that the ramification of L over K is bounded by n+.
Assume that the residue field E of L is a purely inseparable extension of the residue field
F of K. Let F1 = k(ξ) be the residue field at the generic point ξ ∈ P
(n)
F = P
(n) ×S SpecF
of the closed fiber and F¯ → F¯1 be a morphism of algebraic closures. Then, there exists a
cartesian diagram
(3.45)
Q
(n)
F¯
×F¯ F¯1 −−−→ N
(n)
T/Q,F¯
×F¯ F¯1y y+ξ
Q
(n)
F¯
×F¯ F¯1 −−−→ N
(n)
T/Q,F¯
×F¯ F¯1
where the horizontal arrows are the base change of the composition of (3.9) and (3.12).
Proof. We use the notation in (3.42) in Lemma 3.4.3. We identify F1 with the residue
field at the closed point of S1. The horizontal arrow Q
(n)
F¯
×F¯ F¯1 → N
(n)
T/Q,F¯
×F¯ F¯1 (3.45) is
canonically identified with Q
(n)
1,F¯1
→ N
(n)
T1/Q1,F¯1
defined for T1 → Q1 over S1 in (3.42).
The finite extension L′1 is a separable extension of K1 by Lemma 3.4.4.2. Hence by
Lemma 3.4.2, in order to define a cartesian diagram (3.45), it suffices to define a finite
unramified extension K2 of K1 and an isomorphism OL2 → OL′2 for L2 = L1K2 and
L′2 = L
′
1K2 inducing the identity on the residue fields E2 of OL2 . To construct them, we
apply Lemma 3.4.4.3.
As in Lemma 3.4.4.3, let A be the normalization ofW ⊂ P [n] inAK = IsomWK (QWK , TWK)
over the generic fiber WK ⊂ W and let A
e´t ⊂ A denote the largest open subscheme e´tale
over W . By Lemma 3.4.4.3, the intersection Im(Ae´t → W ) ∩ P
[n]
F is dense in P
[n]
F . Take a
point ξ2 ∈ A
e´t above the generic point ξ ∈ P
[n]
F and let S2 = SpecOK2 be the henselization
of A at ξ2. Then K2 is a finite unramified extension of K1.
Since T1 = T ×S S1 and T
′
1 = Q ×P S1, by pulling back the universal isomorphism
Q×P A
e´t → T ×S A
e´t on Ae´t by S2 → A
e´t, we obtain an isomorphism f : T ′2 = T
′
1×S1 S2 →
T2 = T ×S S2. Since E is assumed to be purely inseparable over F , the residue field
E2 = EF2 of T2 is also purely inseparable over the residue field F2 of K2 and hence the
morphism f induces the identity on E2. Thus by applying Lemma 3.4.2 to the isomorphism
f , we obtain a cartesian diagram (3.45). 
4. Ramification groups
4.1. Ramification groups.
Theorem 4.1.1. ([1], [16]) Let K be a henselian discrete valuation field. Let L be a finite
Galois extension of K of Galois group G.
1. ([1, Theorems 3.3], [16, Theorem 3.3.1 (1)]) There exists a unique decreasing filtration
(Gr) indexed by rational numbers r > 0 by normal subgroups of G indexed by positive
rational numbers such that, for every rational number r > 0 and for every intermediate
extension K ⊂M ⊂ L, the morphism F → F r of functors induces a bijection
(4.1) F (M)/Gr → F r(M)
of finite GK-sets.
2. ([1, Theorems 3.8], [16, Theorem 3.3.1 (2)]) There exists a finite increasing sequence
0 = r0 < r1 < · · · < rn of rational numbers such that G
r is constant in the semi-open
intervals (ri−1, ri] for i = 1, . . . , n and in (rn,∞).
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3. ([16, Theorem 3.3.1 (1)]) For a rational number r > 0, set Gr+ =
⋃
s>rG
s. Then,
for every rational number r > 0 and for every intermediate extension K ⊂ M ⊂ L, the
morphism F → F r+ of functors induces a bijection
(4.2) F (M)/Gr+ → F r+(M)
of finite GK-sets.
4. ([1, Proposition 3.7], [16, Proposition 3.3.5]) The subgroups G1 ⊃ G1+ equal the
inertia subgroup I and its p-Sylow subgroup P .
Corollary 4.1.2. Let L be a finite Galois extension of K. Let r > 1 be a rational number
and assume that the ramification of L over K is bounded by r+. Let T = SpecOL → Q
be an immersion to a smooth scheme over S = SpecOK . Fix a morphism i0 : L→ K¯ and
let Q
(r)◦
F¯
⊂ Q
(r)
F¯
and Q
[r]◦
F¯
⊂ Q
[r]
F¯
(3.13) denote the connected components.
1. Q
(r)◦
F¯
is a Gr-torsor over Q
[r]◦
F¯
and X
(r)◦
L/K,F¯
(3.33) is a Gr-torsor over Θ
(r)◦
L/K,F¯
.
2. The Gr-torsor Q
(r)◦
F¯
over Q
[r]◦
F¯
is additive if and only if the Gr-torsor X
(r)◦
L/K,F¯
over
Θ
(r)◦
L/K,F¯
is additive.
Proof. 1. Since r > 1, the subgroup Gr ⊂ G1+ = P acts trivially on Θ
(r)
L/K,F¯
and acts on
X
(r)◦
L/K,F¯
as an automorphism over Θ
(r)◦
L/K,F¯
. Since the fiber F r+(L) ∩ X
(r)◦
L/K,F¯
⊂ F r+(L) =
F (L) of X
(r)◦
L/K,F¯
→ Θ
(r)◦
L/K,F¯
at 0 is a Gr-torsor, the finite e´tale scheme X
(r)◦
L/K,F¯
over Θ
(r)◦
L/K,F¯
is a Gr-torsor. By the cartesian square in (3.32), Q
(r)◦
F¯
is also a Gr-torsor over Q
[r]◦
F¯
.
2. This follows from the cartesian square in (3.32) and Corollary 2.1.8.3. 
The filtrations (Gr)r>0 and (G
r+)r>0 satisfy the following functoriality. Let OK → OK ′
be a morphism of henselian discrete valuation field of ramification index e. Let L → L′
be a morphism of finite Galois extensions of K and of K ′. Then, for rational numbers
r > 0 and r′ = er or r′ = er −m > 0 as in Proposition 3.3.2, the commutative diagram
(3.26) implies that the morphism G′ = Gal(L′/K ′) → G = Gal(L/K) induces mappings
G′/G′r
′+ → G/Gr+ and G′/G′r
′
→ G/Gr and hence morphisms
(4.3) G′r
′+ → Gr+, G′r
′
→ Gr.
We define the total dimension of a Galois representation. Let C be a field of charac-
teristic different from p and let V be a representation of G on a C-vector space of finite
dimension. Then, since G1+ is a p-group, there exists a unique decomposition
(4.4) V =
⊕
r∈Q,r≧1
V (r)
such that for every rational number r > 1 and for the Gr-fixed part, we have
(4.5) V G
r
=
⊕
1≦s<r
V (s).
The decomposition (4.4) is called the slope decomposition. The total dimension is defined
by
(4.6) dimtot(V ) =
∑
r∈Q,r≧1
r · dimV (r)
as a rational number ≧ dimV . The equality is equivalent to the condition that the action
of P = G1+ on V is trivial. In the classical case where the residue field is perfect, the total
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dimension is the sum of the dimension and the Swan conductor: dimtot(V ) = dimV +Sw V
and is known to be an integer by [19, The´ore`me 1′, Section 2, Chapitre VI].
4.2. Reduction steps. We recall some facts on discrete valuation rings.
Lemma 4.2.1 ([4, Lemme 2.2.1]). Let K be a henselian discrete valuation field and Kˆ be
the completion. Then, the completion defines an equivalence of categories
(4.7) (Finite separable extensions of K)→ (Finite separable extensions of Kˆ).
For a finite separable extension L over K, the canonical morphism
(4.8) OL ⊗OK OKˆ → OLˆ
is an isomorphism.
Proposition 4.2.2. Let K be a complete discrete valuation field with residue field F of
characteristic p > 0. Let k ⊂ F be a perfect subfield. If K is of characteristic 0, let
OK0 = W (k) ⊂ OK be the Witt ring. If K is of characteristic p > 0, we canonically
identify k with a subfield of K and let OK0 = k[[t]] ⊂ OK for a uniformizer t of K.
Then, there exist an inductive system (OKλ)λ∈Λ of henselian discrete valuation rings es-
sentially of finite type and generically separable over OK0 and an isomorphism lim−→λ∈Λ
OKλ →
OK over OK0.
Proof. We follow the argument in [8, (0.5)]. First, we prove the case where K is of
characteristic 0. Let C be the Cohen ring with residue field F [10, Chapitre 0, De´finition
(19.8.4)]. Since the residue field F = C/mK0C is a separable extension of a perfect field
k and FracC is a separable extension of K0, there exist an inductive system (Aλ)λ∈Λ
of henselian discrete valuation rings essentially smooth over OK0 and an isomorphism
lim
−→λ∈Λ
Aλ → C over OK0 by Ne´ron’s desingularization [3, Theorem (4.5)].
There exists an injection C → OK lifting the identity of F by [10, Chapitre 0, The´ore`me
(19.8.6)]. Since OK is of finite presentation over C, the assertion follows in this case.
Next, we prove the case where K is of characteristic p > 0. Then, since Ω1K0/k is
generated by dt and since dt 6= 0 in Ω1K/k, the canonical morphism Ω
1
K0/k
⊗K0 K → Ω
1
K/k
is an injection and hence K is a separable extension of K0 by [7, Chapter V §16, No. 4,
Corollary of Theorem 3]. Hence, the assertion follows by Ne´ron’s desingularization. 
Lemma 4.2.3. Let K ⊂ K ′ be an extension of henselian discrete valuation fields. Let L
be a finite separable extension of K and set L′ = L ⊗K K
′. Assume that the canonical
morphism OL ⊗OK OK ′ → OL′ is an isomorphism. Then, for any intermediate extension
K ⊂ M ⊂ L and M ′ = M ⊗K K
′, the canonical morphism OM ⊗OK OK ′ → OM ′ is an
isomorphism.
Proof. Since the inclusion OM → OL is faithfully flat, the induced morphism OM ⊗OK
OK ′ → OL⊗OKOK ′ is also faithfully flat. Since OL⊗OKOK ′ = OL′ is regular, OM⊗OKOK ′
is also regular by [10, Chapitre 0, Proposition (17.3.3) (i)]. 
We prepare reduction steps of the proof of the main results.
Proposition 4.2.4. Let OK → OK ′ be a morphism of henselian discrete valuation rings
of ramification index e ≧ 1. Let L be a finite Galois extension of K of Galois group G.
Let L′ = LK ′ be a composition field and let G′ = Gal(L′/K ′) be the Galois group. Let
r > 1 and r′ > 1 be rational numbers and assume one of the following conditions (1)–(3):
(1) OK → OK ′ is dominant on the tangent spaces and r
′ = r.
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(2) The discrete valuation rings OK and OK ′ are essentially of finite type and generically
separable over a discrete valuation ring OK0 with perfect residue field k. Integers m ≧ 0,
q ≧ 2 and d = dimF Ω
1
F and d
′ = dimF ′ Ω
1
F ′ satisfy the condition (2) in Proposition 1.2.10
and (2) in Proposition 1.3.5.4 and r ≧
m
e
q
q − 1
and r′ = er −m ≧
m
q − 1
.
(3) The morphism OL ⊗OK OK ′ → OL′ is an isomorphism and r
′ = er.
Fix compatible morphisms i0 : L→ K¯ and i
′
0 : L
′ → K¯ ′ to separable closures. Let X
(r)◦
L/K,F¯
⊂
X
(r)
L/K,F¯
and Θ
(r)◦
L/K,F¯
⊂ Θ
(r)
L/K,F¯
denote the connected components containing the images of
i0 ∈ F (L) → F
r+(L) ⊂ X
(r)
L/K,F¯
→ Θ
(r)
L/K,F¯
and similarly for L′/K ′. Assume that the
ramification of L is bounded by r+.
1. The injection G′ = Gal(L′/K ′)→ G induces an isomorphism G′r
′
→ Gr.
2. In the cases (2) and (3), the Gr-torsor X
(r)◦
L/K,F¯
over Θ
(r)◦
L/K,F¯
is additive if and only if
the G′r
′
-torsor X
(r′)◦
L′/K ′,F¯ ′
over Θ
(r′)◦
L′/K ′,F¯ ′
is additive.
Proof. Let
(4.9)
SpecOL′ = T
′ −−−→ Q′y y
SpecOL = T −−−→ Q
be a commutative diagram of schemes where the horizontal arrows are closed immersions
to smooth schemes over S and over S ′ and the vertical arrows are compatible with S ′ → S.
In the case (1), we assume that T → Q and T ′ → Q′ are minimal. In the case (2), we
assume that (4.9) is induced by an essentially cartesian diagram
(4.10)
T ′ −−−→ Q′0y y
T −−−→ Q0
of divisorial essential immersions to smooth separated schemes over S0 = SpecOK0. In
the case (3), we assume that the diagram (4.9) is cartesian.
By Lemma 3.3.5, the ramification of L′ is bounded by r′+ and the injection G′ → G
induces an injection G′r
′
→ Gr. Let
(4.11)
T¯ ′
F¯ ′
−−−→ Q
′(r′)
F¯ ′
−−−→ Q
′[r′]
F¯ ′y y y
T¯F¯ −−−→ Q
(r)
F¯
−−−→ Q
[r]
F¯
be the commutative diagram induced by (4.9). Since i′0 : L
′ → K¯ ′ and i0 : L → K are
compatible, we obtain a commutative diagram
(4.12)
Q
′(r′)◦
F¯ ′
−−−→ Q
′[r′]◦
F¯ ′y y
Q
(r)◦
F¯
−−−→ Q
[r]◦
F¯
of the connected components. The horizontal arrows are a Gr-torsor and a G′r
′
-torsor
respectively and the left vertical arrow compatible with G′r
′
→ Gr.
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In the case (1), since T → Q and T ′ → Q′ are assumed minimal, the right vertical arrow
of (4.12) is identified with
Θ
(r′)◦
L′/K ′,F¯ ′
= SpecS(Tor
OL′
1 (Ω
1
OL′/OK′
, F¯ ′))→ Θ
(r)◦
L/K,F¯
= SpecS(TorOL1 (Ω
1
OL/OK
, F¯ )).
Since the morphism S ′ → S is assumed to be dominant on the tangent spaces at the closed
point s′ ∈ S ′, the morphism S(H1(LF¯ /S))→ S(H1(LF¯ ′/S′)) of symmetric algebras is an in-
jection. By Lemma 1.3.1.1, the morphism S(TorOL1 (Ω
1
OL/OK
, F¯ ))→ S(Tor
OL′
1 (Ω
1
OL′/OK′
, F¯ ′))
is also an injection. Hence, the right vertical arrow of (4.12) is dominant. By Corollary
2.1.8.1 applied to the commutative diagram (4.12), the injection G′r
′
→ Gr of finite p-
groups is an isomorphism.
In the case (2), by Proposition 1.3.5.4 (2)⇒(1), the E ′-linear mapping NT/Q ⊗OT E
′ →
m
m
K ′NT ′/Q′ ⊗OT ′ E
′ is an injection. Hence the right vertical arrow of (4.12) induces a
surjection Q
′[r′]◦
F¯ ′
→ Q
[r]◦
F¯
×F¯ F¯
′. Hence by Corollary 2.1.8.3, the injection G′r
′
→ Gr is an
isomorphism. The equivalence of the additivities also follows from Corollary 2.1.8.3 and
Corollary 4.1.2.
In the case (3), since the diagram (4.11) is cartesian, the right vertical arrow of (4.12)
induces an isomorphism Q
′[r]◦
F¯ ′
→ Q
[r]◦
F¯
×F¯ F¯
′. Hence the assertion follows from Corollary
2.1.8.3 and Corollary 4.1.2 as in the case (2). 
Corollary 4.2.5. Let the assumption be the same as in Proposition 4.2.4 except that we
do not assume that the ramification of L is bounded by r+. Then, the canonical injection
G′ → G induces isomorphisms Gr′r
′
G→ GrrG and G′r
′
→ Gr.
Proof. Let M ⊂ L be the subextension corresponding to the subgroup Gr+ ⊂ G and
M ′ = MK ′ ⊂ L′. Since the construction of the ramification groups is compatible with
quotient [16, Corollary 1.4.3], the subquotient GrrG = Gr/Gr+ is identified with Hr ⊂
Gal(M/K) = H = G/Gr+. In the case (3), the morphism OM ⊗OK OK ′ → OM ′ is
an isomorphism by Lemma 4.2.3. Since the ramification of M over K is bounded by
r+, Applying Proposition 4.2.4.1 to M and to H ′ = Gal(MK ′/K ′) = G′/G′r
′+ ⊂ H =
Gal(M/K) = G/Gr+, we see that Grr
′
G′ → GrrG is an isomorphism.
Hence for every rational number s ≧ r and s′ = es ≧ r′ in the cases (1) and (3) or
s′ = es−m ≧ r′ in the case (2), the morphism Grs
′
G′ → GrsG is an isomorphism. Thus
G′r
′+ → Gr is also an isomorphism. 
4.3. Graded quotients.
Theorem 4.3.1. Let K be a henselian discrete valuation field with residue field of char-
acteristic p > 0 and let L be a finite Galois extension of K of Galois group G.
1. Let r > 1 be a rational number. Then, the graded quotient GrrG = Gr/Gr+ is an
abelian group and is an Fp-vector space.
2. Let C be a field of characteristic different from p and let V be a representation of
G on a C-vector space of finite dimension. Then, the total dimension dimtot(V ) is an
integer.
Proof. In the classical case where the residue field is perfect, assertion 1 is proved in
[19, Corollaire 1 of Proposition 7, Section 2, Chapitre IV] and assertion 2 is proved in
[19, The´ore`me 1′, Section 2, Chapitre VI]. Hence Theorem follows from the existence
of tangentially dominant extension with perfect residue field Proposition 1.1.10 and the
reduction step Corollary 4.2.5 (1). 
For an abelian extension, we obtain the following.
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Corollary 4.3.2. Let the notation be as in Theorem 4.3.1 and assume that G is abelian.
Let r > 0 be a rational number. If Gr % Gr+, then r is an integer.
Proof. It suffices to apply Theorem 4.3.1.2 to a character χ : G → C× such that Kerχ ⊃
Gr+ and Kerχ 6⊃ Gr. 
Theorem 4.3.3. Let K be a henselian discrete valuation field and let L be a finite Galois
extension of K of Galois group G. Let r > 1 be a rational number and assume that the
ramification of L over K is bounded by r+. Fix a morphism i0 : L → K¯ to a separa-
ble closure and let X
(r)◦
L/K,F¯
⊂ X
(r)
L/K,F¯
and Θ
(r)◦
L/K,F¯
⊂ Θ
(r)
L/K,F¯
(3.33) denote the connected
components.
1. The Gr-torsor X
(r)◦
L/K,F¯
over Θ
(r)◦
L/K,F¯
is additive.
2. The subgroup Gr ⊂ G is an Fp-vector space. The class [X
(r)◦
L/K,F¯
] defines an injection
(4.13) Hom(Gr,Fp)→ HomF¯ (m
r
K¯/m
r+
K¯
,TorOL1 (Ω
1
OL/OK
, F¯ ))
of abelian groups, where OL → F¯ is induced by i0.
3. Let GK = Gal(K¯/K) → G = Gal(L/K) be the surjection defined by i0 : L → K¯.
Then, the injection (4.13) is compatible with GK → G with respect to the conjugate action
of G on the source and the natural action of GK on the target.
In the proof of Theorem 4.3.3, we do not use Theorem 4.3.1 or Propositon 1.1.10.
Proof. 1. First, we reduce the assertion to the case where r > 1 is an integer. By
Proposition 4.2.4.2 (3) and Lemma 4.2.1, we may assume that K is complete by replacing
K by the completion. Further by Proposition 4.2.4.2 (3) and Proposition 4.2.2, we may
assume that there exists a discrete valuation subring OK0 with perfect residue field k =
OK0/mK0 such that OK is essentially of finite type and generically separable over OK0.
By Proposition 1.2.9 and Lemma 1.2.7.3, there exists a cartesian diagram
(4.14)
Q0 ←−−− Ty y
P0 ←−−− S
of schemes over S0 = SpecOK0 such that the vertical arrows are finite flat and the horizon-
tal arrows are divisorial essentially immersions to smooth separated schemes. Let m > 1
be an integer such that n = mr ≧ 2 is an integer and that the p-power part q > 1 of m
satisfies r ≧
q
q − 1
. Note that r > 1 = lim
q→∞
q
q − 1
. We define a morphism OK → OK ′ of
discrete valuation rings as in Example 1.2.11. Hence by Proposition 4.2.4.2 (2), Proposi-
tion 1.3.5.4 and Example 1.3.6, by replacing K by K ′, we may assume that r = n > 1 is
an integer. By replacing K by an unramified extension, we may assume that the residue
field E of L is a purely unramified extension of the residue field F of K.
We assume that r = n ≧ 2 is an integer and that the residue field E of L is a purely
inseparable extension of the residue field F of K. By Lemma 1.2.3.1 and Lemma 1.2.1.1,
there exists a cartesian diagram
(4.15)
Q ←−−− Ty y
P ←−−− S
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of schemes over S such that the vertical arrows are finite flat, the horizontal arrows are
closed immersions to smooth schemes over S and that T → Q is minimal. Let F ′ be the
residue field of the generic point ξ of the vector space Θ
(r)
L/K,F¯
.
By Proposition 3.4.5, we obtain a commutative diagram
(4.16)
X
(r)
L/K,F¯
×F¯ F¯
′ −−−→ X
(r)
L/K,F¯
×F¯ F¯
′y y
Θ
(r)
L/K,F¯
×F¯ F¯
′ +ξ−−−→ Θ
(r)
L/K,F¯
×F¯ F¯
′.
By the assumption that E is purely inseparable over F , the scheme Θ
(r)
L/K,F¯
= Θ
(r)◦
L/K,F¯
is connected. By replacing f : T ′2 → T2 in the construction of (4.16) in the proof of
Proposition 3.4.5 by the composition of the automorphism of T2 induced by an element of
G, we may assume that the automorphism X
(r)
L/K,F¯
×F¯ F¯
′ (4.16) preserves the connected
component X
(r)◦
L/K,F¯
×F¯ F¯
′ defined by i0 : L→ K¯.
Hence by Proposition 2.2.4, the scheme X
(r)◦
L/K,F¯
has a structure of group scheme over F¯
such that the finite e´tale morphism X
(r)◦
L/K,F¯
→ Θ
(r)
L/K,F¯
of connected schemes is a morphism
of group schemes. Consequently, by Proposition 2.1.6 (2)⇒(1), the Gr-torsor X
(r)◦
L/K,F¯
→
Θ
(r)
L/K,F¯
is additive.
2. The assertion follows from 1. and Proposition 2.1.6 (1)⇒(3).
3. The actions of GK and G on Θ
(r)
L/K,F¯
and on X
(r)
L/K,F¯
defined by the action of G on L
and the action of GK on K¯ commute to each other. Let τ˜ ∈ GK and let τ ∈ G be its image.
Then, the automorphisms τ˜−1 ◦ τ of Θ
(r)
L/K,F¯
and of X
(r)
L/K,F¯
are compatible and preserve
the connected components of Θ
(r)◦
L/K,F¯
and of X
(r)◦
L/K,F¯
. For σ ∈ G, we have a commutative
diagram
X
(r)◦
L/K,F¯
σ
−−−→ X
(r)◦
L/K,F¯
τ˜−1◦τ
y yτ˜−1◦τ
X
(r)◦
L/K,F¯
τστ−1
−−−→ X
(r)◦
L/K,F¯
.
Since the action of τ˜−1◦τ on Θ
(r)◦
L/K,F¯
is compatible with the action of τ¯ on HomF¯ (m
r
K¯
/mr+
K¯
,
TorOL1 (Ω
1
OL/OK
, F¯ )), the latter is compatible with the conjugate action of τ of Gr. 
The injection (4.13) has the following functoriality. Let K → K ′ be an extension of
henselian discrete valuation fields of ramification index e. Let L → L′ be a morphism
of finite Galois extensions of K and of K ′ and G′ = Gal(L′/K ′) → G be the canonical
morphism. Let r′ = er or r′ = er − m as in Lemma 3.3.5. Then, by the commutative
diagram (3.35), the diagram
(4.17)
Hom(Gr,Fp) −−−→ HomF¯ (m
r
K¯
/mr+
K¯
,TorOL1 (Ω
1
OL/OK
, E))y y
Hom(G′r
′
,Fp) −−−→ HomF¯ (m
r′
K¯ ′
/mr
′+
K¯ ′
,Tor
OL′
1 (Ω
1
OL′/OK′
, E ′))
is commutative.
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Corollary 4.3.4. Let K be a henselian discrete valuation field and let L be a finite Galois
extension of K of Galois group G. Let r > 1 be a rational number and fix a morphism
i0 : L→ K¯ to a separable closure.
1. The graded quotient GrrG is an Fp-vector space and the injection (4.13) defines an
injection
(4.18) Hom(GrrG,Fp)→ HomF¯ (m
r
K¯/m
r+
K¯
,TorOL1 (Ω
1
OL/OK
, F¯ )).
2. Let GK = Gal(K¯/K) → G = Gal(L/K) be the surjection defined by i0 : L → K¯.
Then, the injection (4.18) is compatible with GK → G with respect to the conjugate action
of G on the source and the natural action of GK on the target.
3. The action of the wild inertia group P = G1+ on GrrG is trivial. If GrrG 6= 1, the
prime-to-p part of the denominator of r divides the ramification index e = eL/K.
Proof. 1. Let M ⊂ L be the intermediate extension corresponding to the subgroup Gr+ ⊂
G and identify G′ = Gal(M/K) = G/Gr+. Then since the filtrations are compatible with
quotients by [16, Corollary 1.4.3], the composition of the injection (4.13) for M and for
G′r = GrrG with the injection TorOM1 (Ω
1
OM/OK
, F¯ )→ TorOL1 (Ω
1
OL/OK
, F¯ ) (1.38) defines an
injection
Hom(GrrG,Fp) = Hom(G
′r,Fp) → HomF¯ (m
r
K¯/m
r+
K¯
,TorOM1 (Ω
1
OM/OK
, F¯ ))
→ HomF¯ (m
r
K¯/m
r+
K¯
,TorOL1 (Ω
1
OL/OK
, F¯ )).
2. This follows from Theorem 4.3.3.3.
3. Since the wild inertia subgroup PK ⊂ GK acts trivially on the source of (4.18), the
action of the wild inertia group P on GrrG is trivial by the injection (4.18) and 2.
Assume GrrG 6= 1 and let m be the prime-to-p part of the denominator of r. Then, the
action of the tame inertia group IK/PK on the image of Gr
rG induces an faithful action
of the quotient µm. Hence by 2, µm is a quotient of the tame inertia I/P and m divides
e = eL/K . 
By the functoriality (4.17), the injection (4.18) satisfies a similar functoriality. Namely,
for an extension of henselian discrete valuation fields, we have a commutative diagram
(4.19)
Hom(GrrG,Fp) −−−→ HomF¯ (m
r
K¯
/mr+
K¯
,TorOL1 (Ω
1
OL/OK
, F¯ ))y y
Hom(Grr
′
G′,Fp) −−−→ HomF¯ (m
r′
K¯ ′
/mr
′+
K¯ ′
,Tor
OL′
1 (Ω
1
OL′/OK′
, F¯ ))
for r′ = er or r′ = er −m > 1 as in Lemma 3.3.5.
The composition of (4.18) with the injection TorOL1 (Ω
1
OL/OK
, F¯ ) → H1(LF¯ /OK ) (1.36)
defines an injection
(4.20) Hom(GrrG,Fp)→ HomF¯ (m
r
K¯/m
r+
K¯
, H1(LF¯ /OK )).
The morphism (4.20) satisfies a similar functoriality as (4.19). Taking the limit on L, we
obtain an injection
(4.21) Hom(GrrGK ,Fp)→ HomF¯ (m
r
K¯/m
r+
K¯
, H1(LF¯ /OK ))
for the absolute Galois group GK = Gal(K¯/K).
If S is essentially of finite type and generically separable over S0 = SpecOK0 , the
composition of (4.20) with the morphism H1(LE/S) −→ Ω
1
S/S0
⊗OK E (1.12) defines a
morphism
(4.22) Hom(GrrG,Fp)→ HomF¯ (m
r
K¯/m
r+
K¯
,Ω1S/S0 ⊗OS F¯ ).
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This is an injection if eK/K0 6= 1 by Proposition 1.1.5.3. For r
′ = er or r′ = er−m > 1 as
in Lemma 3.3.5, we have a commutative diagram
(4.23)
Hom(GrrG,Fp) −−−→ HomF¯ (m
r
K¯
/mr+
K¯
,Ω1S/S0 ⊗OS F¯ )y y
Hom(Grr
′
G′,Fp) −−−→ HomF¯ (m
r′
K¯ ′
/mr
′+
K¯ ′
,Ω1S′/S′0
⊗OS′ F¯
′).
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